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ABSTRACT 

The  paper  is  concerned  with  the  asymptotic  behavior  as  t  *  "  of  solutions 
u(x,t)  of  the  equation 

u  -  u  -  f  (u)  “0  ,  x  €  (-«>,“>)  , 
t  xx 

in  the  case  f(0)  f(l)  »  0  ,  with  f (u)  non-positive  for  u(s0)  sufficiently 
close  to  zero  and  f(u)  non-negative  for  u(<d)  sufficiently  close  to  1  .  This 
guarantees  the  uniqueness  (but  not  the  existence!  of  a  travelling  front  solution 
u  »  U  (x  -  ct )  ,  U  (-'»)  =  0  ,  U  (“■)  =  1  ,  and  it  is  shown  in  essence  that  solutions 
with  monotonic  initial  data  converge  to  a  translate  of  this  travelling  front  il  it 
exists,  and  to  a  "stacked"  combination  of  travelling  fronts  if  it  does  not.  Hie 
approach  is  to  use  the  monotonicity  to  take  u  and  t  as  independent  variables 
and  p  u^  as  the  dependent  variable,  and  apply  ideas  of  sub-  and  su{x>r-solut ion 
to  the  diffusion  equation  for  p  . 

AMS(MOS)  Subject  Classification:  35K55,  3f>B40 

Key  V*.>rds :  Fisher's  equation,  nonlinear  parabolic  equations, 
travel l ing  waves ,  travelling  fronts,  wave  fronts 
asymptotic  behavior 
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SIGNIFICANCE  AND  EXPLANATION 


The  nonlinear  diffusion  equation  stated  in  the  Abstract  appears 
in  nunerous  applications,  for  example  combustion  theory,  population 
genetics,  signal  propagation  in  nerves,  and  other  chemical  and  biological 
situations.  A  central  question  is  the  pattern  into  which  the  solution 
develops  with  increasing  time. 

The  type  of  result  obtained  in  this  paper  is  that  if  a  steady-state 
travelling-wave  solution  exists,  and  if  the  function  f  in  the  nonlinear 
diffusion  equation  in  the  Abstract  has  a  certain  form,  then  the  solution 
of  the  problem  with  steadily  increasing  or  decreasing  initial  data  will 
tend  to  the  travelling-wave  solution  for  sufficiently  large  times. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
suimary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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TO  TRAVELLING  FRONTS  FOR  NONMNLAR  DIFFUSION 
Raul  C .  Fife  and  J.  H.  McLeod 

l.  Int  reduction 

ThiH  paper  is  by  way  of  being  an  alternative  account  of  the  problems-  disbursed  1  u* 
in  an  earlier  paper  [2).  The  results  are  of  the  same  general  nature,  but  they  differ  in 
certain  details,  and  the  proofs  are  quite  different.  To  set  the  scene  wo  start  by  re¬ 
calling  the  main  results  from  12),  but  we  do  this  quite  briefly  and  refer  the  reader  t.-  (2] 
for  further  historical  and  bibliographical  background.  Two  important  papers  which  had  not 
appeared  when  [2)  was  written  are  those  by  Rot  he  (6)  and  Uchiyama  17),  where  the  approa  h 
taken  has  certain  affinities  to  that  in  the  present  paper,  in  17)  it  is  applied  rather  to  th* 
Kolmogorov- Pet rovski i -Piskunov  case  than  to  the  case  discussed  by  us.  In  (0) ,  convergent  n 
suits  are  given  lx>th  for  the  K-P-P  case  and  for  the  case  when  f  lias  one  sign  change,  as  in  121  . 

We  are  concerned  with  the  pure  initial  value  problem  for  the  nonlinear  diffusion  equat  ion 

(1.1)  u  -  u  -  f(u)  -  0  (-•  <  x  <  •  ,  t  N  0)  , 

t  xx 

the  initial  value  being,  say, 

(1.2)  u(x,0)  •  $(x)  (-«•  <  x  <  *v) . 

TTie  question  of  interest  is  the  behavior  as  t  k  *v  of  the  solution  u(x,t),  and  in 
particular  under  what  circumst ances  it  dot's  (or  does  not)  tend  to  a  travelling  front 
solution,  a  travelling  front  being  a  solution  of  (1.1)  of  the  form  u  -  l’(x  -  ct )  for 
some  c  (the  velocity),  with  the  limits  U  ( ♦«*)  existing  and  unequal.  As  in  (2)  we 
will  adopt  the  normalization  that  f  e  C  witli  f  (0)  *  f  ( 1 )  -  0  ,  so  that  u  0  and 
u  l  are  particular  solutions  of  (l.l),  and  we  take  !)(-•")  -  0,  r(*«*)  -  1.  With  these 
assumptions  on  f  ,  it  is  a  standard  result  that  if  is  piecewise  continuous  and 

0  2.  ♦(*)  2.  1  ell  x  ,  then  there  exists  one  and  only  one  bounded  classical  solution 

u ( x , t  )  of  (1.1-2),  and  0  u(x,t)  ^  l  for  all  x,t.  We  shall  always  make  these 
assumptions  on  t  and  f  ,  and  shall  bo  concerned  only  with  this  unique  bounded  solut ion. 

iXir  main  object  in  [21  was  to  show  that,  under  minimal  assumptions  on  t  ,  when 
f  (0)  <  0,  f'  (l)  •  0  ,  the  solution  converges  uniformly  to  one  of  various  types  of 

travelling  front  configurations.  The  three  principal  results  in  12)  are  the  following. 
Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG2 


Theorem  A 


(Theorem  3.1  of  (2)):  Let  f  <  0*10,1] 


f'(l)  '  0  ,  f  (u)  <  0  for  0  *  u  *  aQ  ,  f  (u)  »  0  for  <  u  <  1,  where  0  <  <  a  «  1. 

Assume  there  exists  a  travelling  front  solution  0  of  (1,1)  with  si»eed  c  . 

Let  *  satisfy  0  _<  *  *_  1  ,  and 

(1.3)  11m  aup  Hx)  <  a  ,  11m  Inf  »(x)  >  a  . 

X  a  -»  m  1 

Then  for  aome  constants  ,  K  and  u>  ,  th  ■  laat  two  positive,  the  solution  u(x,t) 

of  ( 1 ■  1— 2 )  aatiafiea 

|u(x,t)  -  U(x-ct-z0H  <  Ke  w,t  . 

The  existence  of  a  t  ravel  ling  front  is  not  quarant  eed  by  the  ot  her  condi  tions  on  f ,  althouqli 
sufficient  conditions  for  ita  existence  are  contained  in  52  of  [21.  We  shall  be  returning 
to  this  point  later,  but  if  f  does  satiafy  these  sufficient  conditions,  then  of  course 
the  existence  assumption  in  the  statement  of  Theorem  A  can  be  dropped.  A  particularly 
important  case  is  that  of  the  degenerate  Nagumo's  equation,  in  which  .  In  this 

case  a  travelling  front  does  exist.  Notice  also  that  Theorem  A  certainly  implies  the 
uniqueness  of  the  travelling  front  (modulo  translation). 

Theorem  A  asserts  that  a  solution  which  vaguely  resembles  a  front  at  some  initial 
time  will  develop  uniformly  into  such  a  front  as  t  ■*  ».  "Vaguely  resembles”  simply 
means  that  the  solution  is  less  than  aQ  far  to  the  left  and  greater  than  far  to 

the  right.  Of  course,  if  the  words  "left"  and  "right"  are  interchanged  in  this  statement, 
the  same  conclusion  holdsi  the  front  will  then  face  right  rather  than  left,  and  will 
travel  in  the  opposite  direction.  This  corresponds  to  the  fact  that  the  equation  (1.1) 
is  invariant  under  the  transformation  x  *  -x  ,  but  an  Increasing  function  of  x  be¬ 
comes  decreasing  and  a  positive  speed  becomes  a  negative  one. 

There  are  also  situations  in  which  the  solution  will  develop  into  a  pair  of  such 
fronts,  moving  in  opposite  directions.  This  is  the  gist  of  the  second  theorem. 

Theorem  B  (Theorem  3.2  of  (21):  let  f  satisfy  the  hypotheses  of  Theorem  A,  and  in 
addition 

(1.43  Mu)  du  >  0  . 
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TTt 


. 


Let  i  sat  i.ity  0  4  ^  I  ,  and 


(1.5) 

1 im  sup  t 

(x)  -  a0  , 

f(x)  >  Uj 

•f  n  for  |x| 

<  L  , 

X  - 

whe  re 

n 

and  I.  an*  some  positive  numbers. 

Then  if  L 

is  sufficiently  large  (defending 

on  n 

and 

()  ,  w<*  have  for  some 

constants 

x  ,x  ,  K,  and 

o  (ttie  last  two  positive). 

!  u  (x  ,t )  - 

U  (x-ct-xu )  ! 

— 

<  *e 

x  <  0  , 

(1.6) 

u(x,t)  - 

U(-x-ct-x^)  | 

<  Ke  , 

x  >  0  . 

The 

Assumpt ion 

(1.4)  implies  that  a  travelling  front 

as  we  have  defined  it  (i.e.  an 

inervasinq 

function) 

has  sp>eed  c 

negat ive 

and  so  moves  to  the  left.  This  is  proved  in 

(2.7)  of  (2|,  but  it  is  an  immediate  consequence  of  multiplying  by  U*  and  integrating 
over  (-'»,<•)  the  equation 

V  ♦  c  V  *  f  (U)  -  0 

for  the  travelling  front.  The  intuitive  meaning  of  (1.6)  is  that  the  x-interval  on  which 
u  is  near  the  value  1  is  finite  and  is  elongating  in  both  directions  with  speed  |c  . 
If  the  inequality  in  (1.4)  is  reversed,  and  appropriate  changes  in  (1.5)  are  made,  then 
an  analogous  convergence  result  is  still  obtained  but  with  the  interval  on  which  u  is 
near  0  elongating. 

Finally,  there  is  the  case  in  which  there  does  not  exist  a  travelling  front  with 

range  (0,1).  This  can  happen  (in  view  of  the  existence  of  a  travelling  front  for  the 

degenerate  Naqumo's  equation)  only  if  f  has  more  than  one  internal  zero.  To  each 

triple  of  adjacent  zeros  with  properties  analogous  to  the  zeros  (0,a,l)  of  Naqumo's 

equation  there  of  course  corresponds  a  travelling  front  with  characteristic  speed  and 

characteristic  limits  at  *».  For  simplicity  consider  the  case  of  two  adjacent  triples 

of  this  type  (thus  five  zeros  in  all),  and  a  solution  of  (1.1)  with  range  equal  to  the 

combined  ranges  of  the  two  travelling  fronts.  Let  c^,  c^  be  the  two  velocities, 

ordered  by  increasing  u  .  If  cq  <  c^  ,  we  show  in  [2}  that  the  solution  will  tend  to 

split  into  two  separate  travelling  fronts,  becoming  very  flat  for  u  near  the  center 

zero  of  the  five,  and  that  there  exists  no  simple  travelling  front  with  range  from  the 

first  to  the  fifth  zero.  If  c  >  c  however,  there  exists  a  unique  such  travelling 

0  1 

front,  and  this  corresponds  to  the  fact  that  in  this  case  a  splitting  as  described 
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alx-ve  would  he  i-onifi'l  ual  ly  imp»»«s  1 hi  <  Uoir  generally  and  tfioli'  |>rnlsi*ly,  wv  |  rove 
Aieotem  (Aieoieis  1.3  of  I*])  1-et  ttu^J  •  0  and  f  ’  lu  ^  )  *  0  ,  i  ■  1,2,3,  whrtt- 

Uj  ■  u,  *  u(  .  Let  theie  m»(  l  itvcl  lin  ^  front*  t'  (x-c^t)  and  l«-c  1 1  with  ranges. 
(Uj,utl  and  (u.,,u()  wiytrtlwly,  Assume  c  «  C  ^  .  let  >  ^  he  t  lit-  least  zero  of  t 

ji*»Ht  than  Uj  and  i,  the  -jivate»t  n-n*  less  than  u  ^  .  Suppose  u  ^  ^  ♦  (x )  u  (  ,  and 
lim  sup  d  (x )  »  a  ,  Urn  tnf  4(x)  >  «  . 

x  *  —  X  ♦  “ 

Than  that*  exist  constants  x^.x,,  K,  and  .  ,  the  last  two  positive,  such  that 
u(x,t)  -  (x-i^t -x^ )  -  l>,  (x-c  ,t-x  ,  >  «  vi , '  *  Ke  '*  . 

Alls  implies.  In  particular,  that 


r  -i 

for 

"'cl- 

1  im 

t  * 

uCt  ,t )  -  / 

i 

u. 

for 

°1  '  8  '  c2 

• 

L  ui 

for 

C  '  t*  . 

Th«* 

work  in  the  present 

ivijvr 

stems  fi\xn  two 

obae tv*t  ions  on  these  results 

f  list 

is 

that  it  wi'uUt 

be  a  useful  extension  to  be 

able 

to  drop  the  restrictions 

(1.7) 

f  •  (0)  *  0  , 

r  •  (it 

-  0  . 

It  is 

An 

lnmt'vti at**  irons«»».|U#nos 

Of  (1 

.7)  that 

(1.81 

1 

f  flu)  ^  0 

| 

for 

u  0) 

sufficiently 

near 

0  , 

^  f  (u)  ^  0 

for 

ul^l) 

suf  f iciently 

near 

1  , 

and  the  conditions  11. SI  ate  important  in  that  it  is  proved  in  Irma  2.<  of  (21  that  they 
guarantee  that,  if  a  travelling  front  exists,  then  it  is  unique  (modulo  translation). 
Convergence  results  must  l>e  easier  to  prove  when  there  is  a  unique  limit  for  the  conver¬ 
gence,  and  so  we  retain  (1.81  hut  drop  (1.7).  Alia  allows  us  to  consider,  for  example, 
the  squat  Ion  discussed  hy  Kanel'  (41  for  the  combustion  of  certain  gases,  in  which 
f(u)  0  for  u  #  (0,u),  flu)  '0  for  u  i  (o,l). 

Aie  work  in  (21  depends  crucially  on  the  assumptions  (1.7),  and  an  alternative 
approach  is  therefore  required.  flit  second  ohservat  ion  is  therefore  that  the  concept  of 
ixonotanlclty  clearly  has  some  significance  in  these  results  (it  is  proved  in  lemma  .’.1 
of  (2)  that  all  travelling  front*  are  necessarily  monotonic)  and  that  it  is  a  well-known 
result  that  the  monotonietty  of  f  in  (1.2)  implies  that  of  the  corresponding  solution 
u(x,t),  as  a  function  of  x  ,  for  all  t  '  0  .  (TV*  prove  this,  differentiate  (1.1)  with 


-4- 


n  to  x  to  obtain  a  diffusion  equation  tor  and  apply  the  camjjansun  theorem 

in  t  ot  U1  to  this  diffusion  *uat  ion,  with  zero  a*  a  subsolution,  to  show  that  u 

x  — 

This  monotonicity  allows  one  to  taki  as  independent  vatiablc-  the  jail  (u,t  )  instead  : 
(x,t),  and  to  use  p  u  as  dependent  variable  .  This  transformation  1  discussed  in 

As  in  12),  the  principal  tools  used  ar»  comparison  theorems  for  parabolic  equations, 
although  the  parabolic  equation  is  now  one  for  p  in  terms  of  u,t.  The  problem  is  some¬ 
what  complicated  by  the  fact  that  this  parabolic  equat ion  is  degenerate,  in  that  tht 

2 

coefficient  of  t  is  t  *  ,  and  the  boundary  conditions  demand  that  :  vain  «  a?  t!.« 
uu  * 

end- points  (0,1)  of  the  range  for  u  .  "Hie  necessary  analysis  to  deal  with  this,  and  t 

statements  and  proofs  of  the  comparison  theorems,  are  given  in  J. 

A  typical  theorem  that  results  f  x\m  this  approach  is  the  following. 

U*t  f  c  C*(0.1)  satisfy,  for  sob>»  a  <  (0,1),  f(0)  -  f(l)  •  0  ,  f  (u)  0  for 

u  (OiQ)i  flu)  >  for  u  (ft|Hi  i  flmn  there  exist  a  travelling  front 

c 

solut  ion  U  ( x-ct  )  of  ( l .  1 )  ,  imi  gue  modulo  t  ranslat  ion  and  ihvi-  -  .ii  i  1  y  munot  orn  uu : . i  ! 

9  *  C*(-v,v)  with  £(- v)  ■  0  ,  :(♦•■)  -  1 ,  (x)  s  0  for  all  x  ,  then  there  exists  a 

function  >  -  C^J0,*V),  with  >’  (t )  •  0  as  t  *  •  ,  such  that,  umfoxmly  in  x  , 

(1.9)  u(x,t)  -  U (x-ct-y(t) )  -  o(l) 

as  t  fc  "  ,  whe  re  u  is  the  solution  of  the  initial  value  problem  (1.1-2)  corresponding 
to  the  initial  function  i  . 

This  result  corresponds  to  Theorem  A  ,  in  that  the  conditions  imposed  on  f  are 
sufficient  to  guarantee  the  existence  of  a  travelling  front.  It  can  be  generalized  Us 
in  Theorem  4.4  in  §4)  to  cover  any  f  which  satisfies  any  of  the  sufficient  conditions 
for  the  existence  of  a  travelling  front  given  in  §2  of  [2],  or  equivalently  in  Lemmas  2.5* 
2.6  of  the  present  paper.  Theorem  A  in  effect  makes  the  existence  of  a  travelling  front 
in  itself  sufficient  for  convergence ,  but  we  cannot  reach  that  degree  of  generality  hero. 
The  result  (1.9)  is  proved  by  first  obtaining  a  convergence  result  in  the  transformed 
variables  (p,u,t)  and  then  integrating  back. 

The  convergence  statement  in  (1.**)  is  much  weaker  than  that  in  Theorem  A.  Not  only 
do  we  not  have  exponential  convergence,  we  do  not  even  have  uniform  convergence  to  a 
specific  travelling  front.  The  solution  takes  up  the  correct  “shape"  asymptotically  and 
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the  collect  speed,  but  suu'e  we  know  ui\ly  that 


i  *  U  )  *  0  as  t 


,  and  not 


t  hat 


*  \X  > 


oon  verge*  to  a  finite  limit,  we  do  not  know  that  theie  is  a  specific  limiting  t  levelling 

front.  This  seems  to  he  an  inevitable  consequence  of  relaxing  the  condition*  t*(0)  . 

r * (i)  *  o  . 

It  is  however  possible  to  improve  on  (1.4),  and  to  obtain  convergence  at  an  exponen- 
tial  rate  to  a  specific  travelling  front,  provided  t)  at  *.v»e  is  prepared  to  make  heavier 
assumptions  on  ;  .  The  essential  point  is  that  the  initial  function  l(x)  should  be, 
asymptotically  in  x  as  x  *  ♦*»  Ilf  c  >  0)  or  as  x  *  -*  (if  c  *  0),  "sufficiently 
close'*  to  a  travelling  front.  The  result  is  made  precise  and  proved  in  *11. 

Theorem  h  has  no  corresponding  result  in  the  present  (viper,  since  its  hypotheses 
preclude  monotonicity  of  the  initial  function,  but  there  are  results  corresponding  to 

Theorem  C  in  the  case  where  there  is  no  travelling  front  with  range  (0,1). 

Most  of  the  convergence  theorems  are  stated  in  *4,  and  then  proved  in  M5-10.  As 
already  remarked,  *11  contains  more  precise  convergence  results  under  heavier  assump- 
t ions . 

It  should  finally  be  remarked  that  although  it  is  a  hypothesis  in  the  various  con¬ 
vergence  theorems  that  the  initial  function  $  is  monotonic  with  $(-•)  •  0  ,  $(♦•»»)  *  1, 

it  is  possible  to  extend  the  ideas  and  methods  of  the  paper  to  initial  functions  f  which 
are  not  monotonic  or  for  which  the  limiting  values  *(***)  are  not  (0,1). 

Thus  if  $  is  monotonic  but  $(-*)  *  a  s  0  ,  then  the  cor  responding  initial  function 
in  the  transformed  variables  (p,u,t)  is  not  defined  for  0  ^  u  <  a  ,  but  it  is  con¬ 
venient  to  take  it  to  be  identically  zero.  This  makes  the  problem  more  degenerate  since 
the  coefficient  of  p^  in  the  diffusion  equation  now  vanishes  initially  not  merely  at 
u  •  0,1,  but  throughout  an  interval  of  values  of  u  .  This  difficulty  is  faced  even  in 
the  present  paper  since  in  *  5  we  have  to  construct  for  comparison  purposes  subsolutions 
which  vanish  initially  throughout  an  interval  of  values  of  u  ,  and  there  is  therefore  no 
essential  difficulty  in  discussing  initial  functions  4  with  $(-*»)  *  0  .  For  simplicity, 
however,  we  have  refrained  from  doing  so. 

Tk?  deal  with  initial  functions  $  which  are  not  monotonic,  we  have  to  allow  p  , 
regarded  as  a  function  of  u  ,  to  be  multi-valued,  and  this  has  been  invest  igated  by 
Chueh  (11.  Again  we  will  not  pursue  the  matter  further  in  this  paper. 


.  r>r  t  »  4  t  i an  :  ttn.1t  ion 

w«  intti-iviit  it  t  t4Hstoiin.it  ion  of  tli«*  1  tide  j  indent  vai  lables  trow  (x,t)  t  o  (u,t) 

•  it!-,  i  lemma  t  hv  nttMit:.  <l  which  die  we  1 1  -known  hut  usefully  rocal  in  this  tow. 

M  I  •  '  .  |  ,  »  i  *  '  .  '  :ii  e  l  fiat  ‘  v  •  .  ' 

u  I  then  the  solution  u  of  (1,1-2)  sat  lsfiss,  foi  t 

(2.1)  u  (x,t)  0  for  all  finite  x 

x  - — - 

snd 

(2.2)  u  l  t  )  •  0  . 

x 

Proof .  We  have  already  remarked  in  the  introduction  that  (2.1)  is  a  consequence  of  a 
maximum  or  oniai ison  principle  applied  to  the  diffusion  equation  for  u^  ,  i.e. 

(2.3)  (u  )  -  (u  )  -  f  (u)u  -  0 

x  t  x  xx  x 

with  ux(x.  '  >3  .  Strictly  speaking,  t  fx*  comparison  principle  in  its  usual  form 

(a.«  for  example  in  the  vxnparison  theorem  enunc  iated  in  tfx*  introduction  to  (21)  applies 

‘  ’*  lt  •  :  ‘  ''  l'"  Al''  'la-.sical ,  •••.'*  that  u  and  u  have  to  U*  continuous.  in 

xt  xxx 

***  **9uwe  mere  1  y  t  fiat  f  t  Cl,  we  know  that  u  and  u  are  continuous,  hut 

t  xx 

r.ot  t  at  they  ate  continuously  differentiable,  and  (2.3)  may  hold  only  in  t  he  sense  of 
di st n  hut  ions. 

iv  btain  the  required  result  in  this  case,  we  observe  rust  that  ,  for  any  fixed 

'  >  0  ,  both  u(x+i5,t)  and  u(x,t)  satisfy  (1.1).  Further,  ■?'  >  0  implies  that 

u(x*  .  )  u(x,0),  and  so  comparison  gives  u(x*$,t)  u(x,t)  for  ail  x  and  all  t  0 

Since  this  is  true  for  any  5^0,  we  must  have  u  (x,t)  >  0  for  all  x  and  all  t  0 

x  — 

To  obtain  strict  inequality,  set  u  •  v  e  *  ,  where  the  constant  \  is  chosen  so  that 

jp  f  •  (u?  .  Then  v  satisfies  (perhaps  only  in  the  sense  of  distributions)  t  lie 
uc  (0,1) 

equat ion 

v,  -  V  f  ’  (u)  ;v 

t  XX 

with 

v (x ,0)  >  0  , 

and  if  we  use  the  usual  Green's  function  to  obtain  an  integral  equation  for  v  (as  we  do 
in  (2.4)  below  for  u  itself),  then  we  see  that  both  integrals  on  the  right  of  this 
equation  are  non-negative  and  the  first  strictly  positive,  proving  (2.1). 

TO  prove  (2.2),  we  use  the  integral  representation  for  u  ,  i.e. 
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Again,  the  same  irmii'k  as  in  L*-mma  2 . 1  applies,  that  the  di  l  fe  rent  lat  .  t  , 

Ik*  possible  only  in  the  sense  of  distributions.  If  f  C*  ,  then  it  is  wel  l-kru.wn  t*  »• 

u  and  u  aie  continuous,  and  (2.6)  then  holds  classically.  I!  w*  hav*  -nly 

xt  xxx 

t  ‘  '*  ,  t  )»»n  (2.6)  nay  hold  only  in  the  sense  of  distributions. 

Ihe  boundary  values  plc.t)  ■*  p(l,t)  *  axe  an  immediate  const*  guenc<  *  Urra  .1, 
and  the  initial  function  is 

j  (u,0)  -  (x)  *  J(u)  , 

say,  where  $  is  continuous  with  *  (u)  *0  for  0  <  u  *  1  . 

We  can  collect  these  facts  in  the  following  lemma. 

Lemna  2.2.  let  f  <  C  t  ,  1 )  ,  with  t  (0)  *  f  ( 1 )  •  ,  and  suppose  that  ;  •  C*  , -  . 

w  1  *  k  _  »  _  1  an  d  : '  .  Tfren  there  exists  a  j  sitivt  solution  if  t.'.t-  i  .  r  j_»  1 

value  problem 

2 

12.7)  pt  »  P* ‘l’uu  +  (f/p)u>  (0  <  u  <  1  ,  t  >0), 

with 

(2.8)  p(0,t)  -  p(l,t)  -  0  (t  >  0) 

and 

(2.9)  p(u,0)  -  }(u)  >0  (0  <  u  <  1) 

who  re 

i(u)  -  ♦•(♦‘l(u)}  . 

J  *  beinvj  the  f 'unction  inverse  to  ;  . 

Further,  if  we  are  given  a  function  J  ( u )  that  is  c  on  tin  uou  s  an  d  positive  toi 

0  *  u  <  1  and  such  that 

(2.10)  J*  2{$(u))  *du  *  1  i «  (u )  ^  *du  *  •  , 

0  1/2 

then  there  exists  a  positive  solution  to  the  initial  value  problem  (2.  ~*-9 ) . 

Remark .  By  a  positive  solution  p(u,t)  of  the  initial  value  problem  (2.7-9),  we  mean 
that  p(u,t)  s  0  for  0*u<l#tN0. 

Proof .  The  proof  of  the  first  half  of  the  lemma  has  already  been  given,  it  being 
remembered  that  (2.7)  may  be  satisfied  only  in  the  sense  of  distributions.  The  second 
part  is  proved  by  observing  that,  in  view  of  (2.10),  the  variable 
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x  =  f*  { ♦  (s  >  >  *ds  =  iMu)  , 

1/2 

say,  has  the  range  as  u  traverses  (0,1),  and  if  we  set  up  the  problem 

(2.11)  u  =  u  +  f  (u)  (-»  <  x  <  »,  t  >  o) 

t  XX 

with 

(2.12)  u(x,0)  =  ij/'1  (x)  , 

where  *  is  the  function  inverse  to  ii  ,  then  the  solution  of  (2.11-12)  leads  by  the 
first  part  of  the  theorem  to  a  solution  of  the  initial  value  problem  (2.7-9). 

There  is  a  generalization  of  Lemma  2.2  which  we  will  require  in  the  sequel. 

Lenina  2  ■  3.  Let  f  e  C^[0,1J,  with  f(0)  =  f(l)  =  0,  f  (u)  <_  0  for  u(K>)  sufficiently 

close  to  0  ,  f  (u)  ^0  for  u(^l)  sufficiently  close  to  1.  Let  A,B  (A<B)  be  such 
that 

f(u)  <_  0  for  u  £  [0,A],  f  (u)  >_  0  for  u  £  IB ,  1  ]  . 

Suppose  that  <Mu)  is  a  given  function,  continuous  and  positive  for  A  <  u  <  B  and  such 

that  . 

r  (A+B) 

(2.13)  /  (i(u)}  du  =  /  (t(u)  )  du  =  °°  . 

A  j  (A+B) 

1  * 

Then  there  exist  functions  a,b  £  C  [0,“>)  with 

a  non increasing,  a(0)  =  A  ,  a  >  0  unless  a  5  0 

and 

b  nondecreasing,  b  (0 )  =  B  ,  b  <  1  unless  b  =  1  , 

and  a  positive  solution  p(u,t)  to  (2 . 7)  over  a(t)  <  u  <  b(t),  t  >  0  with 
p(a(t),t)  =  p(b(t),t)  =  0  , 
p(u,0)  =  ttu)  for  A  <  u  <  B  . 

Proof.  The  proof  is  based  on  the  same  principle  as  that  of  Lewna  2.2.  We  consider  the 

initial  value  problem  of  (1.1)  with  initial  function  u(x,0)  =  <Mx)  ,  where 

*_1(u)  =  J?  {♦(.)}'1ds  . 

—(A+B) 

In  view  of  (2.13),  we  have 

u(-“°,0)  =  A  ,  u(+”,0)  =  B  . 
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\\  vttH.t'  \  •*  t  In  .  Ivition  tv'  (lit  '  mil  mI  vaIih*  |'tv'hlr*i,  thrn  t  hr  Jiiml  tvm 

''(tt**'  '  wil\  •  »<  t  t  \  ( hr  wMt»  lu«t>'ii  «'»  t  hr  \  rtttnta  \ll  that  tr<}v\tt*  any  |i>sl 

t  i  '  at  ,  t 1 

vit  '  .  t )  a  \t  '  ,  tt  (  ♦«  ,t  )  ~  l'  (i  '  , 

thrn  a  vt  '  .  h\t'  hav*  t  hr  M'<|iii  i«'>l  |'t . 'pr  1 1  i  r '•  tn>l  th\  .an  hr  %tr  dtn  od  mv'»t  rantlv  t  tom 

thr  n*rt\  ’  ‘  flut'd  ton  h'twvil  at  tv'tt  U'.4>  fv't  t  hr  'iv'lttf  iv'tt  Thin*  ,  tf  t  aVr  t  hr  \  tmti  a« 
x  ‘  '  ill  U'  h,  W  .'1'Ulll 

ait'  -  A  ♦  *  I  '»h  , 

0 

j*o  that  vrttaihly  a  t«  v*ont  tnvtott?*  1  y  d\  f  frtvnt  tah\r.  \ndrrd,  a  **att«fii*n  t  hr  l»m 

a*  f  va  >  ,  with  a  (0>  ~  A  . 

:>il\v'»  (  ta)  0  fv't  0  a  t  ,  rtthrt  f  iA'  -  0  ,  tit  whtrh  vaar  a  tt  '  -  A  fv't  a\ \ 

t  0  ,  v't  f  iA'  0  ,  \n  whiv'h  '  a*r  a  t  *»  initially  ^tiivtly  vlrv  t  ra«  tttvj ,  and  rritainly 

alway  notuin  n'.v  tnq  Inithrt.  f  tv"  -  v'  tmpl ir»  a  v'  ,  atut  wtnvr  t  ta'  Ofa' 
fv't  *mal  1  a  ,  wr  *  an  \ntrqtatr  t  hr  inrvjvtality  a’  -  Ova'  to  «rr  that  a  vt  '  s'  T*'t  all 

t  0  unit***  A  -  0  .  Vhr  atxjvimtrnt  «  fv't  h  at  r  «tmv\at 

Wr  .  \.«  r  tht-  ••»*'»  t  iv'tt  with  *»»'tttr  trittatV**  ahvntt  tiavrllinu  fi\Mtt  av'lttt  iv'its  \  ftavrllttui 
t  txvtt  »*'\\ttVv't\  v'f  il  l)  aivrat*  a*»  a  atattonatv  nrlul  ion  v't  t‘  ,  an  vt  *v'  »att"ftr  t  hr 
rqual  tv'tt 

U.14'  y  ♦  tf  i"  -  0  , 

tttt  \t 

whtvh  van  hr  t  nt  rq  t  at  rd  tv'  q  i  Vr 
U\  \M  y  ♦  f  |'«  -v*  . 

r  tt 

whrtr  \  v*  t  radi  ly  tdrntiftrd  a«  t  hr  nj'rrd  v'f  t  hr  fvv'ttt,  Fvfxtat  twn«  t 14'  and  v*  l1*' 

havr  altrady  hrrn  ntrt  tit  v'f  whr  tv  <  hrv  atr  ttrrd  t »'  dt«vtt««»  t  hr  r\t«trn«r  an.t 

tttt  t  jttrnr  v'f  ttavrtltnq  ft"ttt« 

Vhr  hv'vtttvlaty  v'vMtvftt  tv'tt*  tv'  Im>  a« *v'r  t  at  rd  with  t-'.!’*'  atr 
l«  .  If' )  p  (0  1  -  |'  (U  •  0  , 

and  wr  atr  itttrtrwtrd  only  ttt  Moltlt  ivWt*  |*v'«»t(vr  tn  t»'  1'.  v'f  .v't»t»r  1'*'  an*t  v'  \t" 

atr  iftvat  tant  ttn.W't  t  hr  1 1  att*  f  v'titiat  tvVt  |*  •*  p  v  ••  «  «v»  that  tv*  attt  poaitivr  «v'\vt 

t  tv'tt  flirtr  t«  a  ttrviaftvr  «'nr  ,  v«*t  t  r  ■|*v'ndf  ttvi  tv'  a  tiavrMino  ftv'itt  ta.  tttt  tn  t  hr  v'^'v'"  1 1 «' 
vtl  tv*  (  (on  and  ftavrlltttvj  with  ati  r.jnal  aj'rrd  ttt  t  hr  v'jyv'«ttv  ditr.t  tv'tt  tr.  all  t  hr 
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main  tvnult  of  [2]  concerning  the  ex  t  nt  ««nri*  and  uniquenenn  of  t  i«wl  l  m-j  ttont 
I  .*.4  (Oorollaiy  2 .  \  of  |2l)«  1-et  f  nat  Iwfj  the  ronditiortM  of  lemma  '  Thrn 

the  tv  at  mo»t  on#  •  olut  ion ,  pos  It  tve  In  (0,1),  of  t  hr  honndat^-  vain*  ptoblcm  j\v«i 

by  (;.M),  UMb). 

lemma  «?_.  *»  (Theorem  -’.4  of  (^|)i  l  at  f  »  C  10,11,  with  f  (0)  •  f(l'  •  0  Fo»  some 
(I  ♦  (0,1),  nnppowe  that  on#  of  the  fol  jowl  no  annett  i  oni  holds  i 


at  f  <  0 

In 

(0 ,  a) ,  f  '  0 

In 

(''.It,  /l 

f  (Vt)du 

0  i 

l')  f  »  0 

in 

to ,  .0  ,  r  '  o 

in 

o , 

(o,l).  fl 

f  (vt)  du  ■ 

0  i 

0 

c)  f  •  0 

in 

(0 ,  a ) ,  f  '  0 

In 

(0,11  . 

n«'n 

the  tv  exists 

one 

and  (by  lerarta 

only  one 

»>'lut  ion  , 

positive  in  (0.1)  .  of  (*'14' 

and 

(j.ifrt. 

Finally,  to 

vleal 

with  functions 

f 

wM oh  ate 

such  an 

tv>  ytelvl  tenviltn  ntmtlat  h> 

Theorem  C  in  the  introduction,  suppose,  aw  always,  that  f  *  0  10,11  with  f  (O'  -  ftl'  - 
HwiAt'lonoil  interval  I  «  10,11  ia  call#*!  admissible  if  f  vanishes  at  the  end-iw'intn, 

f  *  0  neat  the  left  end-point,  f  s  0  neat  the  right  end-point  ,  and  the  tv  exint«*  a 
travelling  front  over  1  .  (By  a  "travelling  front  ovat  l>t,hl  with  wlocitN  *  " 
we  mean  a  solution  of  (2.1M  with  the  given  c  ,  positive  in  (a,  fl)  and  vanishing  at 
a  and  (1. ) 

If  we  ate  given  a  de compos it  ion  of  (0,11  into  non  -ovet  1  apping  adiavent  avtsineihle 
m 

interval  a  10,11  *  o  I  ,  or  vie  ted  from  left  to  tight  (ao  that  the  tight  ettvl  point 

j-l 

of  1^  In  the  left  end-point  of  l  ^),  and  if  c.  in  the  velocity  of  the  travelling 
front  over  l^,  then  auch  a  decomposit  ion  in  called  minimal  if  c^  in  nondev't  easing  tn 

1  *  C1H  lCj  • 

Leifita  2 .  b  (IhiOfiB  -.B  of  |^l>t  If  there  exists  a  devompon  \  t  ion  v't  10,11  into 

idiiiilbli  intervals,  than  thtit  salats  a  \tn igue  min imai  dscoajposlt  iat . 

The  n  i  gn  i  f  tranre  of  minimal  decompo*  it  ion  (an  in  Theorem  v',  where  we  ate  ptenentevl 
with  a  minimal  deovxttpos  i  t  ion )  in  that  monotontr  nolnt  ionn  of  the  diffusion  eguat  iv*n  with 
(x,t  )  an  t  ndri'endent  variable#  npllt  into  a  "stack"  of  travelling  front  n.  each  with  tange 
in  one  of  the  intei~valn  of  the  minimal  decvxttposit  ion  and  with  itn  distinctive  anywptfttt 
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speed  and  (at  least  when  the  are  distinct)  spreading  away  from  each  other;  and 

correspondingly  a  positive  solution  of  the  diffusion  equation  with  (u,t)  as  independent 
variables  will  tend  to  a  steady  solution  that  is  positive  over  each  interval  in  the 
minimal  decomposition  but  zero  at  the  ends  of  these  intervals.  Precise  statemsnts  of 
such  results  will  be  found  in  Theorems  4.3,  4.5. 
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ui  i  son  theorems 

Lemma  3.1.  Let  f,  A,  H  sat  1  afy  the  conditions  of  Lemma  2 .  .1 ,  and  let 
1  *  C 2 (A, B)  n  CIA, Bl ,  with 


Y  (A)  •  Y (B)  •  0, 

Y 

>  0 

in  ( A .  B )  , 

(3.1) 

Y"  ♦  (f/Y) ' 

0 

in 

(A.B)  . 

Let 

A',  B*  satisfy  0  <  A'  *  A.  B  < 

B* 

<  1, 

and  suppose  that  f(u)  is  a  giv»n 

fun  tlon, 

i  continuous  and  positive  for  A' 

<  u 

<  B' 

and  »uch  that 

*  (A '  ♦B') 

( ♦  (U)  }  ^du  ■ 

B' 

/ 

(♦ (u) )  ldu  -  *  . 

\  (A  *  *B ' ) 
* 


Suppose  also  that  t  >  Y  in  ( A , B ) . 

Then  the  solution  p  of  the  iiuti.ll  value  problem  ooi  i  espoivl  i  no  to  the  i  utial 
function  *,  whose  existence  Is  guaranteed  by  lemma  2.3,  has  the  property  that 
(3.2)  p(u,t)  >  Y(u)  for  A  <  u  «  B,  t  >  0  . 

Proof .  The  initial  value  problem  corresponds  to  an  initial  value  problem  with  x,  t 
as  independent  variables. 

u  -  u  -  f  (u)  -  0 
t  xx 

with 


u (x  ,0)  -  ♦ (x)  ,  say  . 

Instead  of  solving  this  problem,  let  us  consider  a  sequence  of  problems 


(3.3) 

with 


(n)  (n) 

u.  -  u 

t  XX 


,  ,  <n>, 

f  (u  ) 


,  ,  (n) 
Y  x)u 
n  x 


(3.4)  u1"’  <x,0)  -  ♦  (x)  . 


Here  the  functions  f  are  a  sequence  converging  uniformly  to  f 
n 


f  •  C2(0,l| 
n 

and  f  (0) 
n 

o 

• 

c 

%4 

1 

f  (u)  *  flu)  for  u 

in 

(0,  ^  (A-tB))  , 

(3.5) 

n 

<y  (A+B)  , 

f  (u)  N  f (u)  for  u 
n 

in 

1)  > 

the  functions 

y  are 

n 

a  sequence  converqinq 

uniformly  to 

0  in 

Y  t  C2(—,») 
n 

and  y ' 
n 

>  0. 

in  (0, 11,  with 


(-«,») ,  with 


-14- 


I  •  it  i  I  \  i  i  » «ll  i  to  »  .  »  4  *  ha*.  tin  ii^ual  uiilt|U«  l  i  .  «t  l  it  itMi  wilt 

(ti) 

i  ,i,l  f  •  i  ill  >  t  B\  t  he  *-am«  «i  fument  •  i  >  ti  l  ,  th  l  J  .  *i  i  t  t>|*'nl  .  t .  ■  i 

x 

T  iv.  .i'lut  ion  i  t  .in  inttt.il  vain,  |  it'll. -ii'  with  u.  t  as  i  ndo)  «nhnf  vaiiaMe*, 

i  nil  making  t  h,  1 1  ariMti'iw.it  it'ii  w»-  find  th.it  this  i*. 

in)  in)  2  In)  .  In) .  ,  ,  in) 

I  l  1 1  •  1 1  l  )  ‘  >1  0 

t  1  uu  11  U  II 

with 

in) 

p  l u , 0 )  •  ♦  iu )  . 

lut  it'll  i  it.  l.i-.si  ,1  in*  «  Ut)i  t  and  i  ii«  nut  t  t .  lent  1 V  ill.  f  «•  1 1  •  ii 

n  n 

(n) 

tiitl.,  4ii.l  i  iu,t)  is  j  t'Hii  iv.  t>vi  i  a  u  tnt.  iv.tl  th.it  il.ws  not  de.  i  a  t 


an  th«n  tl«-f  uu  a  nun.  •  t  tun.  lions  T  In  t  h»  *  uat  ton 

n 

t '  ♦  f  t  •'♦'♦ft 
n  n  n 


-♦  i  1  iA*HM  -ft1,  l  A*  H’  '  -  . 
n  2  .  n 

i*:<  ti  «  i  h  a  se.meni  v  of  tx>aitive  nunhcr*  with  «  *  0  ,  n  •  *■.  rhen  w«-  must 

n  i\ 

have  t  i  -o  long  both  air  ivsitiviv  tot.  oim  idun  n«4  sufficiently  the  lntetval 
Ii 

[  l  A  ♦  B )  ,  1],  we  n«v  that  at  the  fust  int  at  which  thsv  meet  i  ^  *  ti.w 

below,  so  that  it  -t)'  '  0,  and  this  .ontl  a.lut «  ll.M  and  i  .  It  thetefoie 

n 

follows  that  t  is  positive  ovit  iA  ,  B  whei  e  A  ■  A,  H  '  B,  and 

n  n  n  n  n 

t  i A  >  *  t  IB  )  •  0.  Clearly*  alto*  A  *  A  and  B  *  B  as  n  •  *•.  and  t  -  t  is 
n  n  n  n  J  n  rt  n 

••nail  land  lenitive)  throughout  lA  ,B  ). 

n  n 

In  fact,  it  A  is  such  that  flu)  *  0  fot  u  in  lO.A+tf  J  t  for  acme  J  '  0, 

then  w,  in  assert  that  A  N  A,  with  a  similat  lesult  for  B  and  B.  Foi  we  *  an 

n  n 

i  i'Wt  it»*  i  \ .  t. )  as 


u 

■  <Y  -Y)«'xp  -  / 

n  ,  ‘ 


‘  Y  Y 

1  n 

j  (A*H' 


f  -  t  I  u  ) 

n  r  i 

— » - axp  - 

1  ,  IT 

"  l  \  lA*H'  " 


so  that  the  expression  in  {•••)  is  negative  at  _  iA*B'  and  decreasing  in 


-is- 


IA*B>  ,B  ) 
2  n 


and  so  1*  Strictly  negative  as  u  *  B  .  Since,  with  the  assumption;. 


on  f,  the  C«|viicnt  lal  is  bounded  as  u  »  B  ,  at  least  it  n  is  sut  ( ic  lent  ly  larqt 

n 

for  B  >  B  -  6,  we  cannot  have  ¥  -  ¥  -*  0  as  u-»B,  and  so  B  »  B. 

n  n  n  n 

If  we  continue  to  suppose  temporarily  that  A  and  B  satisfy  these  extra  assu-v 

tlons,  then  we  can  apply  the  classical  maximum  principle  argument  to  a  cump.ii  i  -.or 

between  p1"'  and  ¥  .  Since  *  >  ¥  in  |A,B)  and  ¥  >  ¥  in  |A  ,B  J,  we  know 
n  —  n  n  n 

that  initially  p*"*  >  ¥  in  (A  ,B  |.  Suppose  for  contradiction  that  p*"'  ¥ 

n  n  n  n 

first  at  (u t.) ,  where  necessarily  A  <  uA  <  B  .  Then,  at  (u  ,t  ), 

00  nOn  00 

(3.7)  p‘n)  <  0,  p(n>  -  ¥  ,  p(n’  -  ¥’,  p(n!  »  ¥"  , 

t  —  nu  nuu  —  n 

while,  from  the  equations  for  p*n*,  ¥  , 

n 

0  <•  p<n>  -  (p(nV(p(n)  ♦  (f  /p(n))  )  ♦  ¥2<¥”  ♦  (f  /¥  )M  a  0 

t  uu  n  u  nn  n  n  - 

from  (3.7).  This  gives  the  required  contradiction,  and  we  have 

pln'  (u,t)  >  ¥  (u)  for  A  <  u  <  B  ,  t'0. 

n  n  —  —  n 

A  limiting  process  as  n  -»  •  then  gives  the  final  result  of  the  lemma.  For,  as 
n  -»  «*,  for  any  fixed  t  and  uniformly  in  x. 


(n) 

u  ( x , 

,t)  -*  u(x, 

(n>  , 

t),  u  (X, 

X 

t)  ■»  u 

x(*,t)  , 

as  can  be 

seen  by  turning 

the 

equations 

for  u  and 

(n) 

u 

into  integral 

form  and 

comparing 

them.  Pick  any 

u0 

with 

A 

<  uQ  <  B,  so  that 

p(u0,t)  *  0. 

Then,  dropping 

dependence 

on  t,  define 

xo 

by 

ulx0) 

1 

c 

0 

(n) 

uo 

by 

(n)  . 

u  («0> 

(n) 

•  uo 

< 

(n) 

X 

by 

(n)  (n) . 

u  (x  ) 

■  uo  • 

The  implicit  function  theorem  implies  that  x'  xp  **  n  <  and 

P<n>  (uQ)  -  P(u0>  "  u^n,(x<n))  -  ux(xQ)  ■*  0  ««  n  ■*  •  . 


It  A  and  H  do  not  satisfy  th*  extra  assumptions,  w*  an  no  1  isn*  »  1 1  that 

$  Y  ,  but  wv  ran  thru  introdut  v  a  svjuenn  -  t  initial  fun  t  ions  J  with  « 

n  n  n  t 

and  with  this  extra  comp-1  loat  ion  achieve  the  desired  result.  The  detail.  l  not 

require  elaboration.  Note  that  the  introduction  of  such  a  sequence  >»t  fumtion*.  5^ 

with  I  •  t  would  not  be  possible  if  A  1  0  oi  H  *  1 ,  but  in  this  A  ‘ 

n 

satisfy  the  extra  assumptions  and  the  sequence  }  is  unnecessary. 

A  second  comparison  theorem  is  proved  by  methods  so  similar  that  w«  content  ut 
selves  with  its  statement. 

Lemma  \.2.  Let  f,  A,  B,  A',  B',  I  be  as  in  lemma  3.1,  but  now  let  Y(u1  b<  «  uivei 
function,  continuous  and  positive  for  A  -  u  *  B  and  such  that 

l(A*8’ 

/  { y  ( u )  >  du  “  /  (flu)'  du  •  *  . 

A  *(A*B) 


suppose  also  that  ♦  p  t  in  (A,B). 

Then  it  p,  q  arc  the  solutions  of  the  initial  value  problem  .  01  respond inn 
respectively  to  the  initial  functions  t,  H  we  have 

p(u,t)  '  q(u,t)  for  alt)  pu  -  bit),  t  >  0  , 
whet  e  the  functions  a,  b,  intiuxluced  in  lemma  .  i ,  define  the  inteival  m  win,* 
is  peg i t ive . 

Finally  in  this  section  wc  prove  a  lemma  which  discusses  the  increasing  proper t\ 
of  subso lut ions . 

lemma  l.i.  bet  f,  A,  B  be  as  m  lemma  t. 1 ,  and  let  H  satisfy  the  condl t long  ct 
both  lemma  1.1  and  lemma  _i .  J .  Then  it  qtu.ll  is  the  solut  ion  of  the  mil  lal  value 
problem  corresponding  to  the  initial  function  t ,  it  has  the  property  that  it  i- 
po l nt w i se  m  u.  a  nondecreas inq  function  of  t  . 

1  f  q(u,t)  *  0(n),  s_ay£  as  t  *  ",  then  y'  is  a  positive  solution  ot  t.'.ll' 
over  some  in terva 1  ( A ’ , B 1 ) ,  where 

0  <  A1  ■  A,  B  s  B 1  «■  1  , 


a  ixl 


C (A 1 )  -  0,  yM B 1  )  -  0  . 
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Proof.  By  taking  ♦  *  *  in  Lemma  3.1,  we  immediately  obtain 

q(u,t)  >_  f  (u)  for  A<^u<^B,  t>0. 

Now  use  q(u,t  )  and  ¥(u)  as  comparable  initial  functions  in  Lemma  3.2,  for  any 
given  t*  »0,  and  we  have 

q(u ,  t*t  *)>_  q(u,  t)  for  a(t)  <  u  <  bit),  t  >  0  , 
from  which  the  nondecreasing  character  of  q  is  apparent.  Then  q(u,t)  must  converge 
to  a  limit  as  t  -»  »,  say  Q(u).  and  it  is  a  matter  of  establishing  that  Q  has  the 
requisite  properties. 

We  are  concerned  with  Q  only  where  it  is  positive,  i.e.  in  For  any 

small  fixed  4  >  0  we  know  that  q(u,t)  >  0  for  A'  e4<_u^B'  -  4  and  t  :>  T, 
sav,  and  in  view  of  the  nondecreasing  character  of  q  we  know  further  that  q  is 
bounded  from  zero  in  this  range.  Since  u  is  bounded  (for  the  corresponding  solution 


with  x,  t  as  independent  variables)  and  u 


(and 


qq^,  it  follows  that  q^ 

similarly  q^  and  q^  )  are  bounded  and  equicontinuous  for  A'+6<_u<^B'-4  as 

2 

t  •*  «.  (We  make  the  temporary  assumption  that  fee  [0,1).)  Hence  q^,  qfc,  q^u 
converge  uniformly  as  t  at  least  through  some  subsequence,  to  {?'  ,  0,  Q* 

respectively.  Taking  the  limit  in  the  equation  for  q,  we  see  that  Q  satisfies 


(2.14),  as  required . 

If  f  is  merely  C*[0,1),  then  we  can  construct,  by  a  procedure  similar  to  that 
in  Lemma  3.1,  a  sequence  of  functions  f^  e  C^(0,1),  with  corresponding  initial  func¬ 
tions  T  and  solutions  q<n)  of  the  initial  value  problem.  Now,  for  any  T  ,  T. 

n  1  * 

exceeding  T,  where  T  is  chosen  as  in  the  previous  part  of  the  proof,  and  for  any 
[A'  ♦  4,  B'  -  6),  we  have,  at  least  if  n  is  sufficiently  large, 

T. 


u,  u2  in 


2  r 

/  < 
T  L 


,(n)  ♦  (f  /q(n')}  -  (q‘n)  ♦ 

n  u*u  ^  u  n  u*u 


dt 

1J 


■  / 

T, 


/  q^n) /(qln)  )^du|dt  -  -  / 


q<n)  (u,Tj) 


(n)  ,  _  , 

q  (u,T  ) 


du  . 
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faking  tin-  limit  i  n 


w.  .in  droj  the  sub-  and  mi-i  -sot  »|  t 


ii  i  t  til  t  lift  , 


t  c  V1 10. 1 1  allows  us  to  conclude  .»s  before  that  q(u.t).  converge  unlfoimly 

to  v(u),  i‘lu).  it  least  by  a  subsequence  .is  t  *  **•  Hence 


J  '  l‘\  *  l,A»Uuu.  '  K  *  °  ^  T1’T2  ‘  *  * 

but  tin*  intn^rdM  is  a  non-nsijjtiv*  continuous  function  of  t.  l  Uu  non  m  oat  iv  i  t  > 
anses  in  the  limit  as  n  •  -  from  the  same  property  lot  ql"  .  which  comes  from 
the  equation  satisfied  by  q1"'  and  the  fact  that  it  is  a  nondecreasing  function  of 
time.)  Hence  in  the  limit  as  t  *  -  we  must  have 


v'*  *  (f/y'>  -  constant 


rfhich  sjivt'b  the  required  result. 


4.  Statement  of  results 


We  first  prove  a  convergence  result  with  (u,t)  as  independent  variables.  Hie 
easiest  such  result  is  where  there  is  no  question  about  the  existence  of  a  travelling 
front,  i.e.  where  we  assume  that  f  satisfies  one  or  other  of  the  sets  of  conditions 

t 

in  Lemma  2.5.  We  shall  in  fact  assume  the  conditions  (b)  ;  the  conditions  (a)  are  equi¬ 
valent  under  the  transformation  u  1-u  ,  f  »  -f  j  the  conditions  (c)  are  only  a  partic¬ 
ular  case  of  either  (a)  or  (b)  except  that  they  allow  the  possibility  /*  f(u)du  =  0. 

0 

As  a  preliminary  step,  we  prove  a  theorem  which  covers  conditions  (c)  and  also  a  particular 
case  of  conditions  (b)  . 

Theorem  4.1.  Let  f  e  C*(0,1)  with  f(0)  =  f(l)  =  0  .  For  some  a  e  (0,1),  suppose  that 
f  <  0  in.  (0,a),  and  that  in  (a,l)  either  f  >  0  or  f  r  0  .  Let  P  be  the  unique 
positive  solution  of  (2.14)  and  (2.16)  in  (0,1),  and  let  p  be  the  positive  solution  of 
the  initial  value  problem  (2.7-9),  Then 

p(u,t)  -»  p(u)  as.  t  -*  ®  , 
uniformly  for  u  £  10,1)  . 

The  proof  of  Theorem  4.1  is  a  matter  of  constructing  suitable  sub-  and  super-  solutions 
for  which  we  have  prepared  the  ground  in  the  comparison  theorems  of  §3  .  What  we  wish 
to  do  is,  given  the  initial  value  problem  (2.7-9)  and  any  interval  (A,B)  with  0  <  A  <  a, 
a  <  B  <  1  ,  to  find  a  function  satisfying  the  conditions  on  ¥  in  Lemma  3.3  and  in 
addition  lying  below  the  initial  function  t  for  the  initial  value  problem.  For  if  such 
a  ¥  can  be  found,  then  the  corresponding  solution  ^  of  the  diffusion  equation  with  ¥ 
as  initial  function  increases  with  time  to  a  solution  Q  of  (2.14),  positive  at  least 
over  (A,B)  ,  and  by  Lemma  3.2  the  solution  p  always  lies  above  q  ,  and  so  in  the 
limit  lies  above  (or  coincident  with)  Q  .  (A  solution  Q  of  (2.14),  positive  over  (A,B) 
and  with  Q (A)  *  Q(B)  -  0,  is  necessarily  unique,  as  can  be  shown  by  a  repetition  of  the 
argument  which  prov-a  Lemma  2.4.)  If  the  choice  of  A,B  is  arbitrary,  subject  only  to 
0<A  <a,  a  <  B  <  1  ,  then  p(u,t)  (in  the  limit  as  t  ■*  »)  lies  above  (or  coincident 
with)  the  solution  P(u)  of  (2.14)  and  (2.16)  which  is  positive  for  u  e  (0,1). 

Our  final  task  is  to  find  a  function  ¥  satisfying  the  conditions  of  Lemma  3.3., 
but  with  A  -  0  ,  B  -  1  and  the  inequality  (3.1)  reversed.  If  further  ¥  lies 
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the  initial  function 


,  then  theorems  .  atal-h  to  t  h<  •«  in  1  show  that  t  .» 


»lution  i  !  the  diffusion  equation  with  *  as  initial  tunct  h»ii  ikv  t«  t«a:«  wit! 
tim.  to  a  solution  of  (2.14)  that  is  positive  over  (0.1).  and  so  necessarily  to  r  ,  vhilt 
t).  .  int  ion  i  alway  lie  In*  low  c \  and  so  in  tin*  limit  is.  in  view  .’1  what  has  ai  scad-. 
St  n  nd.  u.  i,.«-nt  with  l  ,  and  this  is  the  required  result. 

It  ir  intending  that  although  the  construction  of  such  subsolut ions  ^  is  p,:.sibl« 
uisk*!  t  on  dit  i  '!)•■  >f  Theorem  4.1,  it  is  not  necessarily  possible  it  f  satisfies  • 
t !  .  lit  : i -»  t  Umru  2.5 .  We  give  an  example  to  prove  this  in  6.  Nevertheless ,  h.  use 

,  :  a  Lyapunov  tiutv  t  tonal ,  w«  an  dispense  with  the  extra  assumptions  in  Theorem  4.1  and 

so  px  ove 

i  one  ;  tie  sets  of  conditions  in  lemma  2.5.  Then  the  con¬ 

clusion  ot  Theorem  4.1.  holds. 

Where  there  l  no  travelling  front  over  (  .1),  we  hav.  .»  t '  »  ic  :m  .  1  ert"-a  2.n. 

Theorem  4.  h  Suppose  that  there  exists  a  decomposit  ion  • :  .  1  ’  •  •  *  admi  ntei 

and  that  in  each  of  these  intervals,  sav  (a  ,b  ’  .  t  sati  !n  one  :  ctiei  *  th« 

- - - - -  i  i - 

sets  of  conditions  in  hesnma  2.5,  with  [a  ,b  ]  roj  lac  in:  ,1  ’.<•!  !  *  u 

m 

sit  ion  be  [0,1)  -  I  ,  and  let  P  be  the  unique  positive  solution  of  u.  14'  ovv  t 

j“i  3  3 

I  ^ ,  with  P  ^  vanishing  at  the  end-points  of  1^  .  it  we  define  P  b\ 

P(u)  •  P .  (u)  for  u  e  I. 

then  p(u,t)  *  P(u)  as^  t  *  »  , 

vmiformly  for  u  e  [0,11  . 

These  results  have  their  interpret  at  ion  when  x.t  are  taken  a  independent  variables. 
Theorem  4.4.  let  f  satisfy  the  oondit ions  of  Theorem  4.2,  or  of  Theorem  4.  *  where  t:  <. 
minimal  vie  compos  1 1  i  on  cons  i  s  t  s  just  of  [0,1)  itself  and  P  is  theretoie  positive  eve; 
(0,1).  Let  V  be  the  corresponding  travelling  front  solution  of  (l.P  and  let  u  ix ,  t  > 
bo  the  solut  ion  of  (1.1-2)  corresponding  to  the  solution  p(u,t)  of  i2.?~0>»  Then  then 
exists  a  function  >  t  C*C0,*),  w 1 1 h  >•  (t)  -  0  as  t  *  •*  ,  such  that 

u  (x  ,t )  -  ’J  (x  -  ct  -  y(t))  k  0  t  *  v  , 

un iformly  in  x  . 


There  remains  the  case  of  Theorem  4.3  where  the  minimal  decomposition  of  (0,1)  is 
into  more  than  one  subinterval.  To  be  specific  let  us  suppose  that  the  minimal  decomposi¬ 
tion  is  into  two  subintervals,  (0,o),  la,l),  and  let  the  corresponding  travelling  fronts 
be  Uj(x-c^t),  U^fx-c^t)  with  ranges  (0,a),  (a,l)  respectively  and  cj  i  C2  •  T3ien  we 
have  the  following  result. 

Theorem  4.5,  let  f  satisfy  the  conditions  of  Theorem  4.3  with  a  minimal  decomposition 
[0,11  into  [0,aJ  and  [a,l]  and  let  the  corresponding  travelling  fronts  be 
^i  (x— Cft )  and  U^fx-c^t)  whe  re  c^  ^.cj'  Then  there  exist  functions  y^  t  C^[0,“>)  , 
i  *  1 . 2 .  such  that  y|  (t)  »  0  as_  t  •»  <•  and 

u(x,t)  -  ( x-c  jt  -  (t )  )  -  U2  (x-c2t  -  y.,  (t ) )  +  a  -*  0 

4s  t  -•  •  ,  uniformly  in  x  .  In  the  particular  case  c^  »  c 2  we  can  further  assert  that 

>j(t)  -  y^(t)  ♦  “  as^  t  -»  ». 

Under  more  restrictive  assumptions  on  the  initial  function,  we  can  improve  Theorems 
4. 1-4. 5  by  giving  estimates  of  the  rates  of  decay  to  the  limit.  We  leave  a  precise  state¬ 
ment  of  this  to  SI 1 . 
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PrtMji  of  I*-:*  >r»  m  4.1 

In  View  of  the  remarks  following  the  statement  of  Theorem  4.1,  we  have  to  prove  the 
xiste:.  .  of  a  function  j_  ,  satisfying  the  conditions  on  i  in  Lemma  3.3  and  with  in 
addition  ,  where  !  is  the  given  initial  function  in  (2.9).  Given  any  A  with 

A  .  ,  we  start  by  choosing  a  function  w  •  C~  [A,  i]  ,  positive  in  (A, a)  and  with 
*  1*'  ■  and  such  that  there  exists  a  positive  constant  k  with 

(5.1)  ( f/w  )  •  _  k  in  (A,  a)  . 

a  t  unction  w  ,  set  w  =  f/g  and  choose  g  so  that  g'  >  k  ,  g(A)  =  -<*>, 

•  t  un  t  .  ,n  w  may  not  be  an  immediate  candidate  for  f  because  we  must  have 

(5.2)  "  ♦  <f/jO  •  0 

and 


lit  ■  W  ■  W  by  cw  ,  where  t  is  a  small  positive  constant.  Since  w  c  C2  (A,  a]  , 

rertaml;  .1  implies  that 

(5.3)  w)"  ♦  (f/ew)'  _0  in  (A, a) 

is  small  enough,  and  this  also  ensures  that  cw  <  J  .  A  required  Y  has  therefore 
beer  found  that  is  positive  in  (A, a),  for  any  given  A  with  0  <  A  <  a.  We  note  also 
that  (  w)'  ♦  (f/ew)  is  a  nondecreasing  function  with  a  strictly  negative  limit  as  u  -  a, 

at  least  if  is  sufficiently  small.  (recall  that  g(a)  <  0  .) 

*  * 

We  can  in  fact  find  a  possible  over  an  interval  (A, a  ),  for  some  a  >  a  . 

This  is  an  immediate  consequence  of  the  following  lemma. 


L'-imma  5.1.  l»et  f  satisfy  the  conditions  of  Theorem  4.1.  If  a  positive  continuous 

function  r  has  been  found  satisfying  (3.1)  over  (A,  a)  with  V  (A)  =  V  (a>  =  0  ,  and  if 

lim  {  r 1  +  (f/V)  }  <  0  ,  then  for  a  sufficiently  close  to  a  (a  >  a)  a  positive  con- 
u-*a 

*  *  *  *  * 

tmuous  f -unction  f  can  be  found  satisfying  (3.1)  over  (A ,  a  )  with  V  (A)  =  V  (a  )  =  0. 

*  *  *  *  • 

Further,  we  can  arrange  that  V  is  as  small  as  we  please  in  (A,  a  ),  and  also  ¥  /i  as 

small  as  we  please  at  a  . 


The  proof  of  this  lemma  will  be  left  to  the  end  of  the  section,  but  the  construction 


of  a  suitable  £  over  (A, B)  ,  for  any  A  with  0  <  A  <  a  and  any  B  with  a  <  B  <  1  , 
is  now  almost  immediate. 
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If  we  take  first  the  case  where  f  >  0  in  (ct,l),  then  we  can  carry  out  the  construc- 

**  *  *  *  * 

tion  of  a  positive  function  41  satisfying  (3.1)  over  (a  ,B),  where  a  <  a  ,  and 

**  ** 

with  f  (a**)  =  ¥  (B)  =  0  .  This  comes  from  the  argument  that  we  have  already  carried 

* 

out  for  (A, a  )  and  the  transformation  u  «*  1-u,  f  «  -f.  If  the  first  value  of  u  for 

*  *  * 

which  the  functions  f  (u)  and  V  (u)  meet  is  8  ,  say,  then  the  continuous  function 
4^  defined  by 


t  = 


(A, a) , 
(B,B) 


meets  all  the  conditions  required.  There  is  the  technicality  that  V  may  not  be  twice 
continuously  differentiable  at  6  ,  having  a  jump  increase  in  4^'  there,  but  this  does  not 
invalidate  the  conclusions  (or  in  any  significant  way  the  proof)  of  Lemma  3.3  and  is  merely 
a  reflection  of  the  well-known  fact,  noted  in  the  introduction  to  [2],  that  if  we  have  two 
classical  subsolutions,  then  their  supremum  is  also  a  subsolution. 

*  *  it  I  * 

If  now  f  =  0  in  (a,l),  choose  a  ,  41  from  Lenina  5.1,  and  note  that  41  +  (f/'f  )  <  0 

...  * 1  ** 

at  a  implies  in  particular  that  4>  (a)  <  0  .  Our  choice  of  V  has  to  be  made 

differently  from  before,  and  we  ask  now  that  it  shall  satisfy  the  requirements  that,  for 

any  given  B  with  a  <  B  <  1  ,  V  (a)  =  V  (a)  ,  f  (a.)  <  V  (a)  <  0  ,  •¥**  (B)  =  0  , 

**  * 

41  is  negative  increasing  in  (a,B).  There  is  no  difficulty  in  satisfying  these  require- 

** 

ments ,  and  such  a  41  satisfies  (3.1)  in  (a,B)  since  f  =  0  there,  and  can  clearly  be 

hit 

chosen  so  that  41  _<  t  in  (a,B),  Then 

f  f  in  (A, a)  , 

I  -  .. 

I  »  in  (a,B) 

gives  the  required  ’f. 

It  remains  to  discuss  supersolutions,  and  this  is  in  essence  easier  than  the  discus¬ 
sion  of  subsolutions  because  it  is  largely  independent  of  f  .  Let  q  be  the  solution 
of  the  initial  value  problem  consisting  of  the  equation  (2.7),  the  boundary  conditions 
q  (0  ,t )  =  y^t),  q(l,t)  =  Y2(t>  * 

where  y^ft),  y2  (t)  are  positive  decreasing  functions  of  t  ,  and  the  initial  condition 
(5.4)  q(u,0)  =  y(u)  =  K{1-  (u  -  j  )2}  (0<u<l), 

where  K  is  a  large  positive  constant.  There  is  no  difficulty  in  giving  existence  and 


untqm»n€*«:»  Uu»oton*«  for  q  ,  for,  with  >  ,>,  positive,  t  hr  problem  j  not  ut. 

,  for  example*,  l**).)  ft  wo  assume  <  hat  f  »  I  .  1  ?  '-o  that  wo  .  an  .  l*.., 

solutions  tt  ho  extension  to  f  t  c'|0,l1  *  an  ho  .at  tied  thtouqh  on  t  ho  ;am<’  \w,«  ,  w 

0,  thon  t  he  usual  arqrronnts  show  that  q  is  a  nonim t^a^inq  fun*  t  i<m  of  timr,  -iv,. 

I'Y  'Hrort  suhst  rtut  r on 

i"  ♦  (f,  H)»  •  0 

ln  (*' » l  )  if  K  is  sufficiently  laivjo,  t  ho  siyo  of  K  ik>pf>ndinu  only  on  f  ^  Als* 

t  ho  qivon  initial  function  i  float  ly  lie**  Ivl.nv  >  if  k  is  sufficiently  laiqo.  an«1 

30  V  *  to*  all  t  imo.  If  <t.)  t  v,  <t  )  *  0  as  t  *  *v,  thon  q  tomls  to  t  ho  posit  ivo 

solution  t  of  («?.14)  ovei  (0,1  >,  aru!  this  is  tho  result  wo  want.  Tints  t  ho  proof  of 
Vhooiixx  4.1  is  o.>mplet  o  otlco  wo  havo  ost  ah l  i shod  1  emma  '* .  I  . 

1 -VL'HL  1  omma  r' .  1 , 
wn  havo 

V  ♦  <f  >0  -k'  , 

say,  in  (A,  a).  Consivloi  tho  solution  of 
^ ^ )  y '  ♦  If  y)  "  0  i  n  |a  -  5 , rt  1 

for  which 


y(n-M  -  Mu-M  , 

wlu>tv  in  a  posit i vp  constant  chosen  so  that  y  is  as  small  as  we  need  it  to  t-e  ,tl 

^ ‘  api’l  l  cat  ion  this  means  that  y  foi  t  lie  given  initial  function  m  the 

initial  value  problem.  If  it  is  assumed  that  already  N  •  f  in  (A, a),  then  direot 
integration  of  (5.5)  shows  that  we  can  certainly  choose  so  that  \  f.  1  Kith 

so  chosen  we  note  that  (5.5)  implies  t  tiat  y"  -  o  in  ia-.'.a'.  and  so  Vi0  d  it 

we  let  y^  lw>  the  solution  of 

v;  t  (f  Yn)  -  -n  in  Ol 

for  which 


then  y  is 

n 


y  ,  <»)  ■  t  (u) 


y  (a-.M  -  1(a-,M  , 

pointwise  a  tiiwi increas ing  fund  ion  of 
so  long  as  n  _•  k  i  and  i  f  .  ’  t  f  i  - 


u 


as  h  inorvases,  with 
say,  at  >- 1  ,  then 


fot  u 


a-  J , 


atX.l  so  y  ,  (u) 


vanishes  or  before  u 


\ .  Finally, 


u .  <  a  ,  then ,  4* 


can  vanish  only  at  a.  smce  if  it  vanishes  first  at 
we  have  y*  (u)  *  +•» 

n 

It  follows  therefore  that  there  exists  some  first  n  such  that 

can  choose  n(<n0>  sufficiently  close  to  n  that  y  <a)/y  („,  i9  *s 

u  n  r\ 

But  U  >  a  implies  (since  now  f(u)  >  0)  that  y' <u>  <  y'<«>,  and  so 

,  t  n  -  n 

some  a  <>a)  close  to  a.  Then  *  given  by 


u  t  u  . 
0 


V  (a)  -  0,  and  we 
small  as  we  please 
yn  must  vanish  fo 


•  f  f  in  (A,a-S)  , 

*  ' 

^Vn  i"  (<»-«. a  1 

satisfies  the  conclusions  of  the  lemma 


2f>- 


t  .  Noru»xi  t  i’H  <  t  uhsolutjons 

Hm’  proof  •*(  Iheototn  4.1  depoiwls  on  the  exist  rni'e,  g  iven  any  A#H  with  0  ■  A  • 
1  B  l,  of  a  function  *  that  is  positive  on  (A,B)  with  H  (A)  •  M  (B)  o  ,  and 
at  i sf  i « * : .  ?  he i\ 


'i"  ♦  (f/H)'  0  , 

ami  further  can  ho  chosen  to  be  arbitrarily  small.  While  such  a  f unot ion  S'  can  is-  found 

if  f  satisfies  the  conditions  of  Theorem  4.1,  this  is  no  lonqei  necessarily  true  if  t 

satisfies  merely  one  or  t  hi'  other  of  the  sets  of  conditions  in  lemma  2.5.  it  is  the  |’u  lyosc 

of  this  section  to  provide  an  example  of  this,  ami  to  do  so  we  suppose  that  f  sat  isfies 

the  conditions  tb)  of  lemma  2.5.  Thus  f  •  0  in  (0,a),  f  0  in  (a,l),  and 

/  f  in)  du  •  0  . 

0 

Now  suppose  that,  in  (.r,l),  f  ^  k  on  some  closed  interval  1^  ,  while  f  «  0  oil 

another  closed  interval  I  ,  where  I  lies  to  the  left  of  r  and  both  are  of  lemjth 

*  l  2 

i 

—  ,  say.  Suppose  also  wo  require  5  <_  i  ,  for  some  t  ■  0  . 

If  the  required  function  f  exists,  then 
g  i*  +  (f/H) 
is  nondecreas  inq.  On  , 

V  -  g  -  (f/H)  <  g  -  (k/t)  . 

But  if  y  •  -4t  throughout  Ij  ,  we  could  not  have  0  <  H  r  throughout  1^  ,  and  so 
at  some  point  in  I ^  we  must  have 
g  -  (k/i  )  ^  -4r  , 
g  »,  (k/i)  -  4e. 

Since  g  is  nondecreasing,  this  inequality  must  also  hold  on  I  ,  where 

* 

r  -  g  2  (k/t)  -  4c. 

Again,  if  H"  >  4i  throughout  ,  we  could  not  have  0  '  H'  _<  i  throughout  1,.  Hence 
(k/i  )  -  4 1  <_  4i  ,  i 2  >  k/8  , 
which  is  not  n pops sari ly  true. 
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v 


7. 


Proof  of  Theorem  4.2 


We  will  Assume  conditions  (b)  of  Lemma  2.5. 

By  the  work  in  the  earlier  part  of  Theorem  4.1#  including  Lemma  5.1,  we  know  that  w< 

* 

can  construct  a  function  ,  positive  in  (A,»  ),  lying  below  the  given  initial  function 

♦  ,  sat isfy ing 


V"  ♦  (f/Y)'  ^  0  in  (A. a*) , 

and  with  (A)  •  )  *  0  ,  where  A  is  any  nunber  with  0  <  A  <  \,  and  i*  is  some 

* 

number  with  a  >  a.  The  solution  ^  of  (2.7-9)  corresponding  to  the  initial  function  * 
then  lias  the  property  that  it  increases  with  time  to  the  unique  jxisitivc*  solution  of 
Q"  ♦  (f/Q) •  -  0 

* 

over  (0,tf),  with  Q^(0)  -  Q^(8)  -  0  ,  for  •one  6  ^  a  .  since  t  •  1  ,  wo  must  have 

(7.1)  1  im  inf  p(u,t)  >  Q  ( u ) . 

t  »  •*  ~  H 

. 

Now,  for  any  8  in  tu  ,1),  thorn  exists  the  corresponding  function  Q  ,  with 

P 

*  <f/V  ‘  -C*  ' 

say,  and  0.(0)  ■  Qu(6)  *  0  .  Further,  cA  >  0  since 

/**  f  (u)  du  <  0  , 

0 


and  is  a  strictly  decreasing  function  of  fl  and  (u)  pointwise  in  u  a  strictly 

increasing  function  of  B  (except  at  u*0).  (These  results  are  contained  in  Lenina  2.2  of 

(21.)  let  g  be  the  largest  value  of  8  for  which  (7.1)  is  valid.  Thus 

lim  inf  p(u,t)  >_  Q  #  (u)  , 
t  *  •»  8 


but 


for  any 


lim  inf  p(u,t)  ? 
t  -»  » 

8  >  8  . 


Vu) 


If  I*  “  l  ,  so  that  lim  inf  p  ^  P,  then  we  are  done.  For  we  can  construct  a  super¬ 
solution  exactly  as  in  Theorem  4.1  (we  pointed  out  then  that  the  construction  of  a  suj.'r- 
solution  was  essentially  independent  of  f  )  and  so  shew  that  lim  sup  p  .  F  ,  from  which 

the  final  result  follows. 

. 

If  6  v  1  (which  we  finally  prove  to  be  absurd),  then  we  can  show  first  that 

(7.2)  lim  p(8  ,t)  -  0  . 

t  »  » 
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Supl»oae 

foi  contradiction  that 

(7.2)  i 

s  not  t i ue , 

and  cons i dei  the  solution  of 

y’  *  (f/y)  •  -c 

with 

y  -  0  ,(tt  - 

' 

whe  tv 

A  is  a  posit  rve  lumber 

chosen 

so  that  toi 

some  arbitrarily  large  value 

(7.  1) 

p(u,t)  ■  £  ,(u)  for 

u  in 

«  • 

lh  -2 A. H 

)  . 

• 

It  is  possible  to  find  such  a  s  twoaus®  lim  sup  p(8  ,t  )  *0  implies  that  ,  for  some 

•  t  *  > 

arbitrarily  large  values  of  t  ,  p  (;  ,t  )  is  bounded  from  zero  and  so  ha-  hounded  deriva¬ 
tives.  ITien  if  c(<c  #)  is  close  to  c  #  ,  y  is  pointwise  close  to  Q  4  ,  at  least  so 
long  as  both  are  positive,  with 

y(u)  v  v'  #(u)  according  as  u  8-6. 

8 

« 

Further,  y  vanishes  at  y^»y,»  say,  where  y ^  *  0  but  is  close  to  0  and  y ^  8  but 

is  close  to  ,  the  strict  inequalities  being  a  consequence  of  the  signs  o!  t  and  an 

aiqitnent  employed  in  the  proof  of  Lenina  1.1.  It  is  thus  clear  that,  in  view  of  (7. 
we  can  choose  c  sufficiently  close'  to  c  #  that  ,  for  some  arbitrarily  large  t  , 


p(u,t)  s  y(u)  for  u  in  (8  -2  6,y«l, 
while  for  all  t  sufficiently  large 

* 

p(u,t)  ^  y  (u)  for  u  in  ly  ,  $  -26)  , 

since  in  this  latter  range'  y  '  C  *  and  lim  inf  p  '  C  *  •  But  p  '  y  at  any  t  ime  implies 

8  “8 

that  subsequently  p  is  ne»ver  lt*ss  than  the  solution  of  (2.7-9)  with  y  as  initial  tunc 
tion,  which  is  a  non de» creasing  function  of  time.  Hence  -ntainly 
1  im  inf  p  (u,t)  2.  <2  (u)  , 

t  *  *>  ^2 

* 

which  contradicts  the  definition  of  8 
Tlius  (7.2)  is  true. 


It  is  now  easy  to  establish  that  in  fact 

lim  p(u,t)  ■  C  *  (u)  for  u  in  (0 ,  8  1  . 
t  *  -  8 

w«*  already  know  that  lim  inf  p  ^  #  ,  and  the'  complement  ary  result  lim  sup  p  C  « 

8  8 
follow,  by  considering  the  function  g  that  is  the  solution  of  u'.’l  with  the  boundary 


condlt  ions 


q(0,t)  -  Y^t)  ,  q(6  ,t)  -  Y2<t)  , 

where  y  (t) ,  y^ (t)  are  positive  decreasing  functions  of  t  ,  and  the  same  initial  condi¬ 
tion  as  in  (5.4),  although  now  over  (0,6*).  As  in  the  discussion  in  the  proof  of  Theorem 

4.1,  q  is  a  nonincreasing  function  of  time,  converging  as  t  -»  ■  to  if  Y^(t), 

* 

Y2<t)  -»  0  .  If  further  we  arrange  that  Yj(tl  -►  0  more  slowly  than  p<6  ,t),  then  we 
will  always  have  p  <  q  ,  and  so  finally  (7.4),  as  required. 

From  (7.4),  it  is  immediate  that,  as  t  ■*  “  , 

* 

(7.5)  p  +  (f/p)  -*■  -  c  #  <  0  in  (0,6  )  . 

U  6 

* 

Having  established  (7.4),  we  can  now  obtain  the  requisite  contradiditon  t)  6  <  1  , 

* 

and  the  argument  differs  depending  upon  whether  or  not  f  r  0  in  (6  ,1). 

*  * 

Take  first  the  case  that  f  5  0  in  (6  ,1),  and  let  y  be  any  nunber  with  6  <  Y  <  1. 
Consider  as  an  initial  function  ♦  ,  positive  over  (A,y)  for  some  A  with  0  <  A  <  a  , 

and  such  that  4  (A)  =  0  and 

Y 

(7.6)  *  (u)  =  Q  (u) 

Y  Y 

for  u(<y)  sufficiently  close  to  y  .  We  shall  also  insist  that  4^  <_  4. 

Now  the  condition  (7.6)  implies  that  the  corresponding  initial  function  4^(x)  (with 
x,t  as  independent  variables)  is  identical  for  x  sufficiently  large  with  some  translation 
of  the  travelling  front  that  has  range  (0,y).  Since  4  (-«)  =  A  >  0  ,  we  can  in  fact 
arrange  that  4^  lies  entirely  above  some  translate  of  the  travelling  front,  and  since  this 
is  so  initially,  the  corresponding  solution  u  (x,t)  lies  above  this  translate  for  all 


But  also,  by  the  argunents  used  on  p  itself,  4^  <.  4  certainly  implies  that 
lim  p  (u,t)  =  Qg(u)  for  u  in  (0,6)  , 

for  some  6  <  6*  ,  where  p  is  the  solution  of  (2.7-9)  corresponding  to  the  initial  func- 
-  Y 

tion  4^.  Also,  as  in  (7.5), 

3p 

1  +  —  -*  -c  H  in  (0 , 6) 

oU  p  p 

Y 

as  t  -►  «,  and  this  means  that,  with  x,t  as  independent  variables,  the  corresponding 


solution  u_^(x,t)  has  the  property  that  it  moves  with  an  asymptotic  speed  Cg  .  More 
precisely,  as  is  discussed  in  more  detail  in  the  proof  of  Theorem  4.4,  if  x(t)  is  defined 
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U  lx  l  t  '  ,t  v 


for  any  f ixed  *  1 1\  (O.v),  then  dx/dt  *  c  .  But  c  s  c 

B- 

cont  t  ad  lit  ion  that  (a-.  w«-  aw  before)  u  always  lies  above 

speed  v  ,  while  at  the  same  time  moving  itself  with-  a  speed 

* 

Ttu  s  comp  left's  the  discussion  when  t  0  in  lr 


a  1 1 
t  hat 

,n . 


c  ,  and  so  we  have  the 
avolling  front  moving  wit! 
ult iroately  ex reeds  v 
If  ft  0 ,  cons i del  t  he 


t  unct lonal 


V(t)  -  I  (  rp  “  --  l*U  f(s)ds)du  , 

2  l'  i-« 

where  t  i  .  a  small  posit  i  ve  constant  and  p  is  the  solut  ion  of  our  init  ial  value  ptohlem.  TU>n 
V  -  j  (  7  >  4  fU  f(s)da)du 

t'  *- 1  *"  p“  1  - 1 


•  (p  ♦  -  )  (  4  4  fU  f  (s)ds)du 

u  P  U  2  :  . 


i,  f  l  2  ,*u  ^  l  - 1  f  .2, 

■Up  ♦  •)  (  r  p  ♦  j  f(s)ds)]  A  -  J  pip  ♦  —  )  du  . 

1  ‘  l-i  S  -t  B*-i  u  p 

In  view  of  the  known  signs  of  f  ,  we  certainly  have  v  ^0  .  If  i  Is  small,  then  the 
integrated  term  at  l-»  is 


and  since  pp  is  bounded  (beinq  u  )  and  p(l-t~,t)  is  uniformly  small  for  all  t  it 
u  xx  1 

»  is  small,  this  integrated  term  is  certainly  small  for  small  t  . 

« 

Per  large  t  ,  and  any  fixed  i  ,  the  contribution  from  the  integrated  term  at  i'  -» 
is  negative  and  not  small,  in  view  of  (7.5)  and  the  fact  that 

fl  f  du  '  0  . 

* 


Hence  V*(t)  is  bounded  above  by  a  negative  constant  for  all  t  sufficiently  large,  and 

* 

this  contradicts  V  2.  fl.  This  final  contradiction  establishes  that  B  1  and  completes 
the  proof  of  the  theorem. 


-31- 


Fleet  -■!  Theoiem  4.  • 


8. 

We  will  restt  l  t  ourselves  to  t  h»  whcii  t  -.it  1  t  i>  t  he  .  i.-tition:-  r  '*  :v-  . 

in  each  of  two  interval..  lc,A|,  lA.lt-  Extending  the  i>  ,ult  t  any  number  of  mtervu; 
a  »t  raiqht  forward  t  ic,  ■  of  induction.  w.  thus  hav.  i  -itiv<  lut  um-  •  ']'v  1  )•'•  14) 

and  (2.16)  oivi  (O.A),  (A.l)  n-sjwct  i  vely ,  with  wave  speeds  ,  and  w>  h«v>  t.  :• 

aider  separately  the  two  cases  c ,  and  c  . 

First,  by  cons lde  ring  the  interval  (O.A)  on  its  ,wi,  we  see  by  the  aiojn.i  t-  :  .  i 
the  proof  of  Theorem  •l..1  that  since  the  initial  function  is  positive  over  .A’  lai  1 
indeed  does  not  even  vanish  at  A  ),  we  must  have 
(8.1)  1  im  inf  p(u,t)  2.2,'^)  ! 

and  similarly 


(8.2)  lim  inf  p(u,t)  2.  C,(u)  . 

t  •  “ 

In  the  case  c ^  c,  ,  t)*  decomposition  of  li'.ll  into  (O.Al  and  IA.11  n  th«  minimal 

decomposition,  and  are  identical  with  r^.r,  in  the  statement  of  t  !w  theorem.  w< 

can  therefore  assert  that 

lim  inf  p(u,t)  ^  P  (u)  , 
t  *  *• 


r  -( 


where  P  (as  in  the  statement  of  the  theorem'  is  defined  by 
P.  in  (0,A), 

F,  in  (A,l)  . 

We  can  also  construct  a  supersolution  as  in  Theorem  4.1. 
to  a  limit  which  lies  above  (or  coincident  with)  P  and  which 
positive  and  (2.  If),  and  the  only  possible  candidate  when 
lim  sup  p(u,t)  <_  P(u)  , 

t  ♦  » 


This  supersolution  tends 
satisfies  (2.14)  where  it  i. 
v  c,  is  P  itself.  Thu* 


and  the  proof  is  complete  for  the  case  *  c,  . 

From  now  on,  therefore,  we  assume  that  '  c,  .  We  still  have  (8.1-2),  and  we 

first  need  to  establish  that 
(8.3)  p(A,t)  t*  0  as  t  ■»  ». 

Suppose  for  contradiction  that  p(A,t)  »  0  .  Then  we  can  construct  a  supersolut  ion 
over  (O.A)  by  taking  q  to  be  the  solution  of  (2,7)  with  boundary  condit  ions 
q(0,t)  -  (t )  ,  q(A,t)  -  Y  (t)  , 


are  |>ositive  decreasing  functions  of  t  ,  tending  to  zero  as  t 


whe  iv  >  ^  (t )  ,  (t ) 

but  (in  the  case  of  y  ,  (t  ) )  more  slowly  than  p(A,t).  The  initial  function  for  q  is 

the  sam<  as  in  (5.4).  Then  q  decreases  as  t  -*  *  to  Cj  <  and  so 

1  un  p(u,t)  -  Qj  (u)  for  u  in  |0,A]  , 
t  “  - 

which  implies,  that 

(8.4)  p  ♦  it/p)  •  -c,  in  (0f  A) . 
u  1 

Sun  larly  , 


(8.5)  p  ♦  (f/p)  .  -c,  in  ( A ,  l )  , 

*u  2 

and  if  we  interpret  (8.4-5)  with  x,t  as  independent  variables,  we  get  the  same  sort  of 
contradiction  us  in  Theorem  4.2,  that  values  of  u  less  than  A  are  travelling  with  a 
higher  speed  than  values  of  u  greater  than  A  ,  since  c^  ■  ,  and  this  is  not  con¬ 

sistent  with  the  continued  monotonicity  of  u(x,t)  as  a  function  of  x  . 

Hence  (8.  ))  is  true. 

•  • 

Now  choose  lumbers  Cj,c,  with  the  prope rties  that 


C1  '  C1  ' 


C2  *  C2  ' 


c  >  c 
1  2 


solution  f  of  the  equation 

T*  ♦  <f/»)  -  -c., 

with  t  (A)  -  0  has  the  property  that  >(,(u)  <  £  (u)  for  u  >  A  ,  and  indeed  f 

*  a.  a.  a. 

vanishes  at  ul  with  u,  <  1  .  (This  follows  from  Lemma  2.2  of  [2)  and  the  argument 
already  met  in  the  proof  of  lemma  3.1.)  Similarly,  the  solution  ■  of  the  equation 
t*  ♦  (f/f)  -  -c1 

with  tj  (A)  »  0  has  the  property  that  •  ^  ( u )  *  (u)  for  u  <•  A  and  vanishes  at  u^ 

In  view  of  (8.3)  we  can  find  values  of  t  arbitrarily  large  such  that 

p(u,t)  *  f(u)  for  u  in  |Uj,u  l( 

whe  re 


0. 


v  *2 


in  (u^ , A)  , 

in  (A,u^ ) . 


Let  y  be  any  nimber  with  c ,  <■  y  "■  cj 

(8.6)  f  ♦  (f/t)  -  -y 


let  f  be  the  solution  of 
Y1 


for  which 


-  U- 


-I  (A-ii)  *  ¥  (A-n)  , 

rl  1 

n  a  small  positive  constant.  Since  y  <  c  ,  we  see  that 

<¥  -  ¥  )  exp  i-P*  f/¥  ¥  ) 

¥.  1  .  1  Y, 

1  A-n  1 

is  strictly  increasing  from  zero  in  (A-n, A),  ami  in  view  of  the  sign  of  t  ,  the  exponen¬ 
tial  is  bounded.  Hence  ¥  (A)  ’  ¥,  (A)  *  0  ,  and  furthermore  ¥  (A),  which  depends  on 

Y1  1  Y1 
y,  is  a  continuous  decreasing  function  of  y  tending  to  zero  as  y  ¥  c^  . 

We  can  similarly  take  ¥  to  be  the  solution  of  (8.6)  for  which  ¥  (Atn)  *  ¥  (A*n) , 

¥;  12  2 

and  then  Y  (A)  is  a  positive  continuous  increasing  function  of  y  which  tends  to  zero 

•  2 

as  y  Y  c, .  Hence  we  can  find  y  for  which  ¥  (A)  »  ¥  (A),  and  for  this  y  the  function 

2 

|  ¥j  in  (Uj.A-n)  , 

¥  »  \  ¥  ■  ¥  in  (A-n.A+n)  , 

\  ^2 

Y-  in  (A*n,u  ) 

v.  *  * 

satisfies  (3.1)  (with  possible  lump  increases  in  t')  and  lies  below  p  for  some  arbi¬ 
trarily  large  t  .  (By  virtue  of  (8.3),  we  can  certainly  take  n  sufficiently  small  that 

f  ■  t  lies  below  p  in  (A-n,A+n)  for  some  arbitrarily  large  t.)  Now  the  solution 
Y1  Y2 

of  (2.7-9)  with  initial  function  ^  increases  with  time  to  P  ,  the  positive  solution 
of  (2.14)  and  (2.16)  over  (0,1),  and  so  lim  inf  p  >  P.  But  the  usual  choice  of  super¬ 
solution  shows  that  lim  sup  p  P,  and  the  theorem  is  proved. 
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I  I  '  S  !  1’he  :  t  -1.4 


Let  us.  define  >  <c  )  by  the  requirement  that 
(9.1)  u(x,t)  U  (x-ct-  >  (t ) )  -  . 

Sin't*  u ,  U  are  monotonie  in  x  ,  this  defines  both  x  and  >  as  functions  of  t  . 
Further,  since  the  second  equal  ity  in  (9.1)  implies  that 
x  -  ct  -  ■>  (t )  =  r  , 

where  is  some  fixed  number,  we  have 

u  (  \+ct  +  i  (t )  ,t )  =  i  , 

so  that,  differentiating  with  respect  to  t  ,  we  obtain 

{c+v*(t)  u  (x,t)  +  u  (x,t)  -  0  , 
x  t 

where  x  *  x(t)  is  given  by  (9.1),  and  so 

c  +  s 1  -  -  u  /u 
t  x 

•  -  (u  +  f  (u)  }/u 

xx  x 

*  -fpu  +  tf/p)  ) 

-*  c  as  t  •*  »  . 

Thus  y*  (t)  ■»  0  as  t  *  -  . 

Also, 

u(x,t)  -  U  (x-ct-  >  (t )  )  -  J*  {u  (o,t)  -  U*  (O-ct-y  (t))  }d0. 

t+ct+«(t)  ° 

Now  make  the  change  of  variable,  for  any  fixed  t  ,  from  x  to  u  ,  so  that  x  =  x(u,t), 
ci  *  o(v,t)  ,  and  we  have 

.  ....  ru  p (v,t)-P (U  (o-ct-i  (t) ) ) 

u(x,t)  -  U(x-ct->(t))  »  J  * -  UV 

1_  p(v,t) 

2 

-  /“{ p(v,t)  -  P(v)  +  {v  -  U(o-ct-\(t))  )p-  (6)  }  - 

2 

where  0  lies  between  v  and  U  (o-ct-y  (t) ) .  This  can  now  be  regarded  as  an  integral 

equation  for  the  expression  u  -  U  (x-ct- y  (t ) )  ,  where  x  is  a  function  of  u  and  t  and 

t  is  regarded  as  a  parameter.  Since,  by  Theorems  4.2,  4.3,  p(u,t)  -  P(u)  tends  to  zero 

as  t  *  «  uniformly  in  u  ,  and  p(u,t>  is  bounded  from  zero  if  n  _<  u  1-n  ,  for  any 

n  >  0,  we  see  that,  for  this  range  of  u  , 

u  (x,t)  -  U(x-ct->  (t ) )  <  e  +  K  /“  lv-U(o-ct-> (t) ) |dv 

1 

2 


-35- 


for  any  jivrn 


1  and  some  constant  K  (depending  on  '  ),  i  rovuit  i  ♦  •  at 


10 .  Front  ol  Theorem  4.t> 

The  argument  in  the  proof  of  Theorem  4.4  has  to  be  only  slightly  modified.  As  then 
we  can  show  that 

u(x,t)  -  U^U-Cjt-1^  (t)  )  *0 


as  t  •  - 

,  uniformly  for  0  •  u  <  a-n 

,  for  any  fixed  r\  >  0 

,  where  (t ) 

-  0 

as 

t  -  ■»  ; 

and  similarly 

u(x,t)  -  (x-c^t  -  Y,<t>)  ■* 

0 

as  t  * 

,  uniformly  for  »+n  <  u  <  1 

.  Hence 

,  given  e  >  0 

,  we  have  from 

the 

monotonicity 

of  U1(U2 

that,  for  t  sufficiently 

large, 

(10.1) 

i  >  V  (x-c  t->  (t))  >  o-n-c 

for 

U  >_  1-1, 

(10.2) 

■  '  Ujlx-Cjt--,  (t))  <_  a+h+e 

for 

u  •  i+n  . 

Hence  for 

u  <  0£—  n  we  have 

u(x,t)  -  Uj  (x-c1t-Y1  (t )  >  - 

°2  U-C2t 

->2  (t ) )  +  a  |  < 

n+2e, 

and  similarly  for  other  ranges  of  u  , 

which  gives  us  what  we 

require . 

In 

the  particular  case  c^  =  c„ 

,  we  can 

further  assert 

that  >  (t)  - 

h(t>  * 

• 

as  t  -*  » 

.  For  if  we  define  x(t)  by 

u(x(t) 

,t)  =  a,  then 

(10.1-2)  tells 

us 

that 

both 

U  (*(t)  - 

°lt  "  Yi(t))  and  u2 (x(t)  ‘ 

V  ‘  y2 

(t) )  are  close 

to  a  for  large 

t  . 

Since 

U^(t)  is  close  to  a  only  when  t  is  large  and  positive,  while 
only  when  :  is  large  and  negative,  the  required  result  follows. 


V  t  r )  is  close  to  i 
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11 .  Estimates  of  rate  of  convergence 

To  octain  theorems  that  strengthen  Theorems  4. 1-4. 5  by  giving  estimates  of  the  rate 
of  convergence,  it  seems  to  be  necessary,  when  f'  (0)  =0  or  f'(l)  =  0  ,  to  make  further 
assumptions  about  the  initial  function  j  .  We  restrict  ourselves  for  simplicity  to  the 
case  where  the  minimal  decomposition  is  [0,1]  itself  and  prove  the  following  theorem. 
Theorem  11.1.  Let  f  satisfy  the  conditions  of  Theorem  4.2,  or  of  Theorem  4,3  where  the 
minimal  decomposition  consists  just  of  [0,1]  itself.  Let  u  be  the  solution  of  (1.1-2) 
corresponding  to  the  initial  function  $  ,  where,  as  always,  $  e  C1  (-“,«)  with  : =  o, 
$ («)  -  1,  >  0  .  Let  U  be  the  travelling  front  solution,  with  speed  c  ,  and  assume 

that 

min  [c2-4f 1  (0)  ,  c2-4f’(l)}  >0  . 

Then,  if,  for  some  x^  , 

1 

—  cx 

(11.1)  e2  {<Mx)  -  U  (x-x^)  }  e  L2  (—“,“>)  , 

we  have ,  for  some  constants  xQ ,  K  and  to  ,  the  last  two  positive, 

(11.2)  |u(x,t)  -  U  (x-ct-xQ )  |  <  Ke"ut  , 
the  result  being  uniform  in  x  if 


either 

f  • 

(0) 

¥  0 

and 

f'  (1)  /  0 

or 

V 

(0) 

*  0 

and 

c  >  0 

or 

V 

(i) 

/  0 

and 

C  <  0  ; 

in  all  other  cases,  if  c  <  0  ,  it  is  uniform  for  x  <  (c+e)t,  and  if  c  >  0  ,  it  is  uni¬ 
form  for  x  >  (c-s)t,  for  some  e  >  0  . 

Remarks . 

1.  The  effect  of  the  theorem  is  to  put  extra  conditions  on  <p  ahead  of  the  wave;  for 
(11.1)  is  a  restriction  only  as  x  ■*  -®  if  c  <  0  and  as  x  ■*  +®  if  c  >  0  .  Further, 
if  (11.1)  is  true  for  some  x^  ,  then  it  is  true  for  any  x^,  this  being  a  consequence  of 
the  asymptotic  behavior  of  U  which  is  discussed  in  Remark  5  below.  We  could  equi¬ 
valently  express  (11.1)  as 
1 

2  CX  2 
e  (*(x)  -  H  (x)  }  £  L  (-»,“)  , 

where  H  is  the  Heaviside  function. 
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It  t'  (0),  t  '  (1)  *  0  ,  the  present  theorem  is  a  much  wt.iK«m  insult  than  Them  tun  t.l 
in  l 1  .  bm  ause  ot  the  ext  i  a  assumption  (11.  I )  Hi  is  ai  i  N-«  aus«*  the  piesent  theoiem, 
in  both  statement  aiui  pnvl  ,  makes  little  dist  imt  ion  N'twnen  the  ca  P  (0 )  ,  P  (1  )  *  ■’ 

and  P  (0) ,  f’  (11  0.  To  recover  Theorem  \.  I  ot  |21,  we  should  have  to  make  explicit  use 

ot  the  assumpt  ion:;  P(0),  t  *  ( l  >  *  0  ,  essentially  in  the  foim  of  l.etnma  4.1  of  This 

assures  us  that  ,  it  e  -  x  -  ct  anti  r1  »t  ,  foi  any  •  >  0  ,  then  (11.2)  holds.  We 
have  only,  therefore,  to  establish  (11.2)  for  /  t  ,  ami  this  can  lx*  done  (as  indeed  it 

vs  doin'  in  the  proof  of  Theorem  (.1  of  [2  1)  essent  ial  ly  by  carrying  through  the  argvanent  of 
tlie  present  theorem  over  a  range  ot  values  of  x  which  ifoi  any  given  t  )  is  finite,  so 
that  the  restriction  (11.1)  becomes  iiielevant. 

1.  The  funotion  t  which  eoi  re  s|  Kinds  to  Kami’s  equation  foi  gas  owibust  ion  141,  i.e. 

f  0  in  (0 ,  a)  *  f  '  0  in  (a,l),  f  (1)  ^  0,  is  one  of  the  cases  which  gives  an  expvmen 

t ial  rate  of  convergence  uniform  foi  all  x  . 

4.  Fven  when  the  exponential  rate  of  convergence  is  not  uniform  for  all  x  ,  it  is 
always  uniform  over  the  range  in  which  the  wave  is  actually  I'einq  foimod.  Thus ,  if 
7.  -  x  -  ct,  and  u(x,t)  *  v(z,t),  then 

i  v  ( r  ,  t  )  -  V  (e-x())  |  <  Kc  *  , 
uniformly  for  |z  j  <  it  . 

5.  It  is  perhaps  helpful  to  recall  at  this  stage  the  asymptotic  behavior  of  V  .  l.ineai 
icing  the  equation  for  U  , 

(11.3)  U"  4  c  U*  4  f  (tt)  -  0  , 

about  the  constant  solut  ions  U  -  0  and  U  •  l,  we  see  that  11(c)  *  0,1  as  ?  »  '«♦' 

at  a  rate'  that  is  approximately 

exp{  ”(*c  4  */c*  -4  f  ’  (0 )  )  c  ' ,  oxp{  ;(-o  -  •  c*  -4f*(l))r 

*  d. 

respect  ively .  Tliese  rates  are  indped  exponential  provided  that  we  do  not  have 
e it  he r  P  (0)  •  0  and  c  '  0  or  f’  (l)  -  0  and  c  •  0  . 
live  non-exponent  ial  cases  are  therefore  precisely  the  cases  (foi  *  O'  in  which  we  do  not 
have  the  exponential  rate  of  convergence  uniform  foi  all  x,  and  this  i*  not  coincident  al  . 


proof .  Ttu-  proof  1  •  a  variant  of  ttu  proof  of  the  rrespondinq  part  if  ! )'  on 

12).  bet 

z  »  *-ct  ,  u(x,t)  -  v(z,t  )  . 


Sot 


h  (z,C)  -  v(z,t)  -  U(I-  Y(t  )-  >(t ) )  , 
whore  >  (t )  ,  a:i  in  Theorem  4.4,  is  such  that 
vU,t)  -  U(z->(t))  *  0 

as  t  •  ",  uniformly  in  *  .  and  iltl  is  a  continuously  differential'll  lim  1  ■ 

chosen  later. 

Wc  want  a  diffusion  equation  for  h  .  Wi'  have 

h  -  h  +  ch  t  f(v)  -  f(U)  ♦  (a’tVH)’ 

t  zz  i 

-  h  +  ch  +  f’  (Oh  ♦  (a’  +  Y1  )U'  ♦  o(h)  . 
zz  i. 

1 

2  cz 

Settinq  y  »  e  h  ,  we  obtain 


l 

—cz 

(11.4)  yt  «  vz  -1  jC*  -  f •  (0)  )y  ♦  (a'  +  y')*'*  U'  ♦  o(y)  . 

Ni>w  y,  being  initially  in  I.*  (-  «>  d  ,  is,  for  0  ^  t  ^  T,  say,  in  the  domain  of  the 

self-adjoint  operator  in  l  (-»,  <»)  given  by 

by  •  -y  ♦  (7-  c2  -  f '  (U))y  . 
zz  4 

This  is  a  standard  result  in  the  theory'  of  evolution  equations  (see,  for  example,  Ml),  »'i 

equivalently  it  can  be  obtained  f i*om  the  integral  equation  for  y  much  as  we  obtained 

the  results  in  Lenina  2.\.  (For  these  arguments  to  apply,  f  should  be  more  different  »ahl< 

but  we  can  surmount  this  difficulty  as  usual  by  approximating  f  in  C'  by  a  sequent 

of  functions  f  which  are  sufficiently  differentiable,  operating  with  1  throughout 
n  1  r  n 

the  proof  of  the  theorem,  and  then  finally  letting  n  *  *  .  We  omit  the  details.)  The 
constant  T  can  bo  chosen  arbitrarily  large.  This  is  a  consequence  of  the  deduction  f « 

(11.4)  that  x 

(11. 5)  j- j-l  ylt 2  -  -  (Ly  ,y )  +  (n'+y'Mc*  U' ,y)  +  o(llyll‘l  , 

where  II  •  •  •  II  denotes  the  norm  in  \?  ( *  «*,  *•) ,  and  (  •,  •)  the  corresponding  inner  product, 

2 

and  where  the  notation  o  ( lly  II  )  denotes  a  term  which,  given  f  "  0  ,  does  not  exceed 
2 

r  lly  II  in  modulus  for  t  sufficiently  large.  By  use  of  the  Cauchy- Schwarz  inequality, 
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wo  can  rewrite  (11.5)  as 


—  -jj l|y||2  «  -  (Ly  ,y )  +  <  a'  +y'  >  0(||y||)  ♦  o(|lyll‘)  , 
and  since  it  is  standard  that  the  operator  L  has  the  spectrum  bounded  be  low,  w  have  , 

for  some  constant  K  , 

II yll  2  ■  Kllyir  +  (a'+y' ) 0 (II y II  )  . 

2 

Integration  of  this  inequality  for  II y II  assures  us  that  y  *  L  (-«,*')  for  all  t  im«  and 
allows  us  to  choose  T  arbitrarily  largo. 

We  ran  in  fact  do  much  better  than  this  by  choosing  i  appropriately.  We’  do  tin  1 
insisting  that  h  is  orthogonal  to  eCZU#  ,  i.e. 

/  ecZ  h(z,t)  U'(z-y(t)  -  a(t))dz  ■  0  . 

Hie  work  already  done  assures  us  that  we  are  justified  in  writing  down  thi  ;  integral,  and 
for  any  t  the  equation  is  satisfied  by  one  and  only  one  value  of  a(t),  as  we  see  by 
rewriting  it  in  the  form 

I""  o™  (v  (w+a  (t )  ,t  )-U  (w-y  (t ) )  }  UMw-y(t))dw  »  0 

—  CO 

and  noting  that  v  is  monotonic  in  a  .  Further,  a(t)  so  defined  is  a  continuously 
differentiable  function  of  t  . 

We  make  this  choice  of  a,  and  note  also  that  the  operator  L  is  self-adjoint  with 

12  12 

a  continuous  spectrum  to  the  right  of  minirc  -  f'(0),  -c  -  f  •  ( 1 )  *  which  is  strictly 

4  4 

positive  by  hypothesis,  and  a  discrete  spectrum  to  the  left.  Furthermore,  we  know  by 

Y  cz 

differentiating  the  equation  (11.3)  for  U  that  e  U'  is  an  eigen funct ion  of  1. 

corresponding  to  the  eigenvalue  0  ,  and  since  this  e igonfunction  is  of  constant  sign,  O 

must  be  simple  and  the  least  eigenvalue,  with  all  other  eigenvalues  strictly  positive. 

i  cz 

Since  y  is  orthogonal  to  the  eigenfunction  e‘  U*  ,  we  obtain  from  (11.5)  that 
J  11  yll  2  1  -Mil yll 2 

for  some  constant  M  N  0  which  is  independent  of  t  for  t  sufficiently  large.  Hence 
(11.6)  II  yll  -  0(e’Mt). 

Finally,  we  can  obtain  an  estimate  for  y(z,t),  with  t  T,  say,  by  using  the  usual 

integral  equation  with  T  as  the  initial  time.  This  enables  us  to  estimate  lly(*,T+l)ll  ^ 

C 

in  terms  of  II  y  ( •  #  r )  II  ^  for  T  i  T+l ,  and  (11.6)  then  assures  us  that 
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I 


II y  ( • , t ) II  ,  -  Ok-  )  , 

C° 

the  positive  constant  M  being  not  necessarily  the  same  at  each  appearance,  but  always, 
of  course,  independent  of  t  . 

We  also  want  to  show  that 


1 

2  CZ 


a*  ♦  y*  «  0(e  )  , 

and  for  this  purpose  we  multiply  (11.4)  by  e~  U'  and  integrate  over  (-•",'”).  Thus 

-  cz  I  1 

(11.7)  (e‘  U'.y^)  *  -(e^  U'.Ly)  +  (a'  +  y')(eCZ  U',U')  +  o((e^  U',|y|))  . 


Dif  ferentiating 


we  obtain 


1 

2  CZ 

(e  U1 2  ,y)  -  0  , 


1 


(e  U’.Yj.)  -  (a'vy'Me  U“,y)  , 

and  the  scalar  product  on  the  right  is  soon  to  decay  exponentially  by  use  of  the  Cauchy- 

Schwarz  inequality  and  (11.6).  Also, 

1  1 

2  cz  -  cz 

(e  U ' ,  Ly )  »  (L  (e  U'),y)  “  0  , 

and  the  remainder  term  in  (11.7)  also  decays  exponentially.  Thus  from  (11.7)  we  have 

.  .  -Mt. 

a  +  1  -  0(e  )  , 

and  so  on  integration,  with  a  suitable  choice  of  the  constant  x  , 


0 


(11.8) 


-Mt. 

a  +  y  ■  x^  +  0  (e  ) . 


The  proof  of  the  theorem  is  new  virtually  complete.  We  now  have,  uniformly  in  z, 


1 

2  CZ  -Mt 

e  (v(z,t)  -  U(z-y(t)-a(t) ))  «  0(e  ). 

If  c  <_  0  (the  argunent  for  c  >  0  is  similar), 

-  (M+-^-cc)t 

v(z,t)  -  U(z-y(t)-a(t))  -  0(e  ‘  )i 

uniformly  for  z  <  r.t ,  where  we  choose  e(>0)  sufficiently  small  that  M  +  j  ce  >  0  . 
Thus,  for  z  <  et,  we  can  utilize  (11.8)  to  obtain 
|v(z,t)  -  U(z-xQ)|  <  Ke  ult 

for  suitable  choices  of  K  and  u>,  and  this  is  the  required  result.  All  that  remains  is 
to  show  that  we  can  extend  the  range  of  uniformity  to  all  z  if  f'  (1)  f  0  .  But  in 
this  case 
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